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Perturbative renormalization factors of bilinear operators for massive Wilson quarks
on the lattice

Yoshinobu Kuramashi
Institute of Particle and Nuclear Studies, High Energy Accelerator Research Organization (KEK), Tsukuba, Ibaraki 305, Japan
(Received 27 May 1997; published 8 July 1998

Renormalization factors for local vector and axial vector currents for the Wilson quark action are perturba-
tively calculated to one loop order including finite quark masses from the ratio of the on-shell quark matrix
elements in the Feynman gauge defined on the lattice and in the continuum. For large quark masses of order
unity in lattice units, we find that finite quark mass effects are quite large: one-loop coefficients of the
renormalization factors differ by 100% compared to those in the massless[B0§56-282(98)01815-3

PACS numbds): 11.15.Ha, 11.10.Gh

[. INTRODUCTION calculation of the renormalization factors for the vector and
axial vector currents for finite quark masses with the Wilson
Calculation of weak matrix elements for heavy-light andquark action, and to use the results to investigate the magni-

heavy-heavy mesons represents a subject of great interest!i#l€ 0fmqa corrections at the one-loop level. We calculate

lattice QCD, which is in principle capable of a precise deter—the renormalization factors of the bilinear operators from the
' ratio of the on-shell quark matrix elements in the Feynman

mination of the matrix elements from first principles. The . ; . A .
main source of systematic errors standing in the way of thi auge defined in the lattice re.gule.1r|zat|on scheme and in the
ontinuum for various combinations of the two external

goal are the largen,a corrections for the heavy quark mass a1k masses. For the continuum regularization scheme we
mq in units of the lattice spacing. In current numerical  employ the naive dimensional regularizatiMDR) with the
simulations using the Wilson quark action the magnitude ofyodified minimal subtraction MS) scheme. In order to
the b-quark mass in lattice units is of ordem,a~1-2. To  regularize infraredIR) divergences which are generated in
control the largemga error lattice studies have to address one-loop contributions for the on-shell wave-function renor-
two problems. One is improvement of the quark action tomalization factor and the vertex corrections, we supply a
reduce cut-off effects following either the Symanzik ap-fictitious mass\ to the gluon propagator both for the lattice
proach[1] or Wilson's renormalization group approaf].  scheme and the continuum one. For the lattice scheme we
Another problem is a precise calculation of renormalization€Xtract the one-loop terms independentiofollowing the
factors which relate operators on the lattice to those in th&"thod used for the massless case in R&f.

continuum for massive quarks. This calculation may be pur,_ 1 1iS Paper is organized as follows. In Sec. Il we give the
. : lattice and continuum Feynman rules, and describe the strat-
sued either by perturbative metho[d or by nonperturba-

. i . ~egy for one-loop calculation of renormalization factors of the
tive or_1es[4]. An improvement of_the p_erturbatlve_ CalCU|atl9n bilinear operators for finite quark masses. In Sec. lll we dem-
including the finitem,a corrections is the subject of this onstrate the technique to extract the one-loop terms indepen-
article. o _ . dent of \ for the lattice on-shell wave-function renormaliza-
Renormalization factors connecting the lattice operator tQjon factor, and present 0ne-|oop results for the relation
the continuum one consists of the wave-function part and theetween the lattice and continuum on-shell wave-function
vertex part. For the wave-function part Kronfeld and Mack-renormalization factors. Results for one-loop relations be-
enzie argued that the tree level normalization of the on-shebween the lattice vertex functions and the continuum ones are
wave function for the Wilson quark action suffers from large given in Sec. IV. In Sec. V we present results for the renor-
mga corrections for heavy quar6]. At the one-loop level, malization factors of the vector and axial vector currents and
the question ofnga corrections to the quark self-energy has discuss the magnitude ahsa corrections at the one-loop
been addressed by Kronfeld and Mertens for the Wilsorlevel. In Sec. VI we compare our results for the renormaliza-
quark action in Ref[G] For the vertex part there are n‘qla tion -faCtor Of. the heayy—llght axial vector current Wlth the
corrections at the tree level on the lattice. At the one-loogPrevious static results in the heavy quark mass region toward
level the vertex part has been calculated only in the massled@e Static limit. Our conclusions are summarized in Sec. VII.
limit so far. For this reason analyses of weak matrix elements_. 1 hroughout this paper we use the same notation for quan-

so far have to employ the one-loop expression in the masgi_ties defined on the lattice and their counterparts in the con-
less limit for the renormalization factors combined with the UNUUM- However, in case of any possibility of confusion, we

Kronfeld-Mackenzie normalization at the tree level even forShall make a clear distinction between them.

heavy quark masses. For light quark massga<l we Il. FORMALISM

have no doubt that the massless expressions are a good ap-

proximation, while for the case of heavy quark massga A. Feynman rules

~1 we may naturally suspect that corrections depending on The partition function of the lattice theory defined on a
mya are large even at the one-loop level. four-dimensional Euclidean space-time lattice with lattice

The purpose of this paper is to complete the one-loopspacinga is given by
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z= f M, , DU, ()T, Dy (y) Difg(y)
X exf] — Se— Swl. (1)

where sites are labeled by=(n;a,n,a,nza,n,a) with
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whereu, is the expectation value of the link operator in the
gauge employed for perturbative calculatigB8%

From now on throughout this paper we use lattice units
for expressing physical quantities and suppress the lattice
spacinga unless necessary.

We summarize the lattice Feynman rules as follows. The

nq,...,N4 integers. We take the standard Wilson gauge actiogyluon propagator in the Feynman gauge with momerkum

for SU(3) gauge link variables) ,(x) given by

1 -
So= 2,2, ReTIUL(0U,(x+70)
Ny g
X UL (x+ ) UT(x)] 2
with the bare coupling constagt For the quark fieldﬂ_/f(x)
and ¢:(x) the Wilson quark action is given by

Pe(X) ih(X)

4r
m;+ —
a

Sw=a‘2, {

1 — .
" 22 2 L0+ 7,)UL00 9100

+ () (r = y,)U O gy (X+ )11, &)

where 1 is a vector with lengtha pointing along thew di-

rection,m; is the bare quark mass for each fla¥prandr is

the Wilson parameter. Color and spin indices are suppresse
We define the Euclidean gamma matrices in terms of th
usual Minkowski matrices in the Bjorken-Drell convention

according t0yo=1vap, ¥j=—ivho. ¥s=7Yap: they obey

{7, 7,0=25,, andyl,=v,.

Gauge link variables are elements of SUgroup in the
fundamental representation. They can be written in the form

, (4)

U,(x)= exp{ iag% TAGA(X)

given by
S8, UgD(K,\), (6)

where
D(k,\) " 1=4, sird(k,/2)+\2. 7

Here, we give the gluon a small masswhere eventually
N—0, to regularize possible IR divergences in one-loop dia-
grams. The quark propagator with momentlniakes the
form

S (k,my,r)=uq

iy, sin(k,)+m,

+2r>, siré(k,/2) 8)

with my=(m+4r—4ruy)/uy. The one-gluon vertex with
incoming quark momentunp and outgoing momenturg
as the following expression:

—gTaUgu ,(p/2+0q/21), 9)
where
v, (k,r)=iy, cogk,)+r sin(k,) (10
with no sum overu. At the one-loop level the two-gluon

vertex appears only through gluon tadpole diagrams whose
contributions are included ing.

whereT, (A=1,...,8) are the generators of &) group in The corresponding continuum Feynman rules are as fol-
the fundamental representation, which are normalized bjPws: the gluon propagator in the Feynman gauge is
TH(ToTg) = Sap/2, andGA(X) are the gluon fields. In order agd,,D(K\) with D(K,\)~*=k*+)%, the quark propaga-

to derive the Feynman rules we expand the link variabldor is given by S™*(k,m)=ik+m, where k denotes
U,(x) in terms of the coupling constat. Higher order Z,7.K., and the quark-gluon vertex is gTav, with v,
terms ofiagEATAGﬁ(x) in the expansion ot ,(x) yield =1V
tadpole graphs, if powers (Gﬁ(x) are contracted with each

other. These tadpole contributions are suppressed only by
powers ofg? bec_ause of cance_llat|on§ between powers of In the lattice regularization scheme ultraviolet diver-
from .the expansion and uIt.raV|o|et d|\(erg§ances. As a resuIﬁgences of composite operators are regularized by the cutoff
coefficients in the perturbative expansiorgthare large, and  7-1 while in the NDR scheme in the continuum this is
lattice perturbation theory does not converge well. To avoi chi'eved by a reduction of the space-time dimension from
this problem we isolate the ta}dpole cont_ributions as an Overe, r. Operators defined in each regularization scheme can be
all constantu, for the expansion of the link variable,.(X)  yejated by renormalization factors which are expected to con-

B. Procedure of calculation

in terms ofg: verge for the perturbative expansion in terms af
=g?/(4m) due to the asymptotic freedom of the theory. For
U, (x)=U, 1+iag>, TAGﬁ(x) +0(ad), (5) ']Egremvector and axial vector currents the relation takes the
A
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(200 Y, ()M=Zy (2() 7,1 (0D, (1 k

(Zz(x) Y Ysa(x) M= ZA#(ZZ(X) Y ¥sia (X)),
(12

with ZV# and ZA# (u=1,...,4) renormalization factors.
A possible way to perturbatively determilzs?,# and ZAu
is to calculate the ratio of the matrix elements for the lattice p

and continuum regularization schemes employing external g5 1. One-loop diagram for the quark self-enerkyis the

on-shell quark or :_;mtiquark state_s in the Feynman gauge. F%Op momentum ang is the external quark momentum.
the vector and axial vector matrix elements we further need

to specify space momenta of external quark or antiquark _ 5(0)
states since the matrix elements generally depend on them. Zn, ZAi [1+a5AAi]’ (20
We take the natural choice of zero spatial momentum in this
article. The renormalization constants are then calculated Zp,=ZR 1+ adAn ], (21
from
— with
(Q2l () yign (0 |qn®™
ym e T (12123, (13) s rr dk
<q2|‘/’2(x)7i ¢1(X)|ql> Uozl— § ng (27)4 D(k,)\IO)
. (Ga[¢2(x) 74¢1(X)|Q1>°°m’ (14 =1—-1.29764)a, (22)
© (Al (%) Yathr ()| )"
_ . Ay Ay,
_ (G2l ¥2(X) viysga(x)] A1) (=123 Ay, =5 +5 *4,, (23)
A (G2l 2(X) yi s ()| qr)' o
(15 Ay Ay
_ = AT P P 24
(G2l ¥2(X) Y4 vs1(X)]G1) ™
A= (16)

(Al (%) Yayshr(X)] gy’ where the integration in Eq22) is performed numerically

_ using the Monte Carlo integration routiases [9]. A, is
whereq andq stand for quark and antiquark, respectively. the difference at the one-loop level between the lattice and
The choice of a quark state,| or an antiquark stat@g,| for  continuum on-shell wave-function renormalization factors,
the external state is made to ensure a nonzero value of thgndA (I'= Y., 7uYs) are a similar difference for the vertex
matrix element for each operator. We should note that befnctions. We remark that , and A are functions oE®
cause qf violation of space-time permutation symmetry mE(Zo), andr. In the following two sections we present our
our choice of momenta for external quark or anthqark stateg|culation ofA, andAr, and examine their pole mass de-
Zy#Zy, and ZpFZp, are expected due to possibie,a pendences.
corrections except in the limit ci— 0.

At the tree level on-shell wave-function renormalization
factor for the Wilson quark action is shifted from unity by
finite mya correctiong5]: A. Lattice results

Ill. QUARK SELF-ENERGY

The one-loop diagram for the quark self-energy is shown
in Fig. 1, where external quarks have zero spatial momen-
tum. Using the lattice Feynman rules in Sec. Il we can write
the one-loop contribution as

0) __—-(0) _—-(0) _—(0

=UgyCcosHE) +r sinhE(?)

X \JcosHEL) +r sinh EYL), (17) 4%k

asz(l)(p m r)—aS J'7T I ,(K,ps,my,r)
-3 4, [} - -3 o N4 M4 I}
whereE(© denotes the pole mass at the tree level in common Yo ’ ug J-m 2m)* Y ’
between the Wilson quark action and the continuum one. (25
The superscripti{ refers to theith loop level. Up to the

one-loop level renormalization factors are written as with
_ —(0)
Zv=2v 1t ashy ], 18 1 (kpy.my 1) =47CES v,(PatKI2E)S(Pytk,my, 1)
p
—7(0)
2y, =2y, [1+ aAy,], (19) Xv,(patKI2X)D(KN), (26)
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TABLE I. E© dependence W™ (E©,r), E'O™(EOr), A EO r), andA(E©,r). The Wilson
parameter is chosen to be one. FaL"™ andA , the error in the numerical integration is less than 2%. The
values fore’ "™ andA/, are evaluated using Eq&t2) and (67).

E(O) E(l)lan E,(l)lan A(// Afp
0 0 0 —6.90x 102 -1.37
0.001 496102 6.26x10°° —6.83x1072 -1.37
0.01 3.3% 1072 4.68x107? —8.30x 1072 -1.37
0.1 1.80<10°* 3.04x 1071 —1.59x10°¢ -1.33
0.2 2.66x1071 5.01x 1071 —2.07x1071* -1.27
0.5 3.9% 107! 9.10x10° ! -2.83x1071! -1.07
1 5.13x10°?! 1.33 —2.98x107! —7.75x10°1
2 6.68<10°! 1.79 —2.43x1071! —4.19<10°1

whereCr=4/3 is the quadratic Casimir invariant for the fun- Usingm{ we can transform Eq28) into the following form:
damental representation of 8) group. The one-loop self-

energy= (1) consists of the kinetic and mass parts: S H(ps,my.1)
(1) —i i (1) . . a
2 (p41muar)_|74 Sln(p4)2p (p41murr) :Uo{l’y4 S|n(p4)|i _u_:EE)l)(p‘hmu,r)}
0
+30(pamy,1). 27)

With this expression the inverse of the quark propagator up

o
+my—m+2r sir(p,/2)— u—j Eﬁnl)(p‘;,mu )
to the one-loop level is given by 0

. + 23 D(p,=0me,r) (34)
S (ps,my,r) ug m (Pa= Ul 1)
:Uo[ iy sin(p4){1— ij 2;1>(p4,mu ,r)} Up to the one-loop level this expression is equivalent to
Ug
Sil(p4rr,hu1r)

. ag
+my+2r sir(py/2 ——42§n1)(p4,mu,r)]. (28)
UO _ . . _ % (1) ~

Uo{'745|n(l34)[ T3 (p4,mu,r>}

Since the quark mass is additively renormalized at the one- °

loop level due to the chiral symmetry breaking term in the

Wilson quark action, on-shell condition for massless quark

takes the forrrIS‘l(p4=O,mfj ,1)=0. Here the critical quark

massm;, measures the magnitude of the additive renormal- 1 g T

+my+ 2r sird(p,/2)— j—j iﬁnl)(pmﬁu ,r)] , (395
0

ization. It is determined by the integral equation
I (1) latt |
a E
mS= u—g >M(p=0mS,r) (29) 0.5
as Jw d*k A [MS+2rA]Ag(r)+rA, 00
Tl ). @m)t T FAA A A M+ 2rA 3 '
(30 L .
where, following the notation of Ref7], 0.5 | ~
A=, sirA(k,/2), (31)
a _10 ||||| 1 |||||||| 1 |||||||| 1 L 11l 1 1
10° 10° 10" 10’
E(O)
Ag=2 sir(Ky), (32
@ FIG. 2. One-loop correction to the pole mass on the lattice as a
function of E®). The Wilson parametaris chosen to be one. Open
Ag(r)=(1+r?)A;—4. (33  symbol denotes the value Bf”=0.
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where S Hp,=iE?,my,r)
f,=m,—me, (36) =Uo{— 74 SINNE?)+m,—2r sink?(E®/2)}=0 (38)

. determines
S0 (pa iy, ) =3 (P, My, 1) —20(0,01),  (37) . s
m (P M D)= 2 TP M T 2 N AL !
. =In .
with mS=31)(0,0r). We should note that, defining,, as 1+r
the bare quark mass, E(5) satisfies the on-shell condition (?ne-loop correction is obtained by finding the pole of the

for massless quark up to the one-loop level. We consider th - X
m, corresponds to the quark mass nonperturbatively deteir%]uark propagato(35). Defining the one-loop term by

mined from vanishing pion mass in Monte Carlo simulations. ag

In the following analysis we us@, as the bare quark mass. E=E"+ 7 EM(E,r), (40
The pole masg is given by the pole of the quark propa- 0

gator;S™Y(p,=iE,m,,r)=0. At the tree level the equation we find

(39

_ SinE®) 3 (M (py=iE©@, iy, 1)~ S (p,=iE, 1)
B cosHE@) +r sinhE©@)

EW(EO,r) (41

For later convenience we also present the expression of the one-loop correction to the pole mass including the tadpole
contribution, which is easily obtained from E@5) with the aid of Eq.(22):

E'WED,r)=eDE? r) Z,Y(E©,r)=ug[cosHE) +r SinhE)]
sinhE©) +2r sint?(E(?/2) " as 93P (py,Mmy,r) 44
- © inE@) Yo B Ry — :
CosE'™)+r sinh(E'™) uy  19(Pava) Daya—iEO
(42)
whereu{"=—1.2976(4) from Eq(22). In Table | numeri- hereE is given by Eq.(40) and
cal values ofE(E©) r) evaluated withr =1 usingBASES
are given for representative values Bf®). The numerical R _ _ L R
accuracy is better than 2%. To show the magnitude of the S (pg, My, 1) =iys SiN(Pa) 25 (pg, My, 1)
tadpole contribution we also present in Table | the values of a1 .
E'M(E©) r) obtained from Eq(42). Figure 2 illustrates the +20'(Pa,My ). (45

E(® dependence cE™).

_ The on-shell wave-function renormalization factor is de-Even at the tree level the on-shell wave-function renormal-
fined as the residue of the quark propagator: ization factor suffers from finiten,a corrections as is clear
from

_&S_l(p4,ﬁ”|u,r)

-1
2 B T ) “d

— ZO (E©,1)=ug[cosHE®) +1 Sin(E©)].  (46)
4Y4=

In terms of the expressio(35) Z;,l is written up to the Factorizing the tree level contribution we obtain the follow-

one-loop level as ing expression:
Z,Er) as SINN(E@) +r cosHE®) TS 1 9 M (py, g1
—— =1+ . N)——2 - - .
0 YEO ) ug cosiE@)+r sinnE(©) ( ) ug CoSHE@)+r sinNE©®)  id(psya) ‘p4y4:iE(0)
(47)
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Applying the power counting rule we note that the right-  B-1(k \ =0)[S 1(p,+k,E@)S 1(—(ps+k),E®)]2
hand side has an IR divergence fo0 arising from the
third term. To extract the terms independenhafie consider =Kk?[i2k,E© +k?]? (52)
subtracting from the integrand of the third term an analyti-
cally integrable expression which has the same IR behaviqgiih the use of the on-shell conditiop,=iE®. For the

in the region of small loop momentukn lattice case we expand the quark and gluon propagators

A aroundk=0, obtainin
1 aE(l)(p‘hmu,r)‘ ’

cosiHE D) +r sinh(E?)  id(paya)

|pm=iE(0> [cosHE®)+r sin(E(®)]D(k,A=0)
X{Sil(p4+ kir’hu 1r)Sil(_ (p4+ k)ar’hu vr)}z

_ f d'k dly(k.pa,E”)|

. (2m)*  id(pays) \p o =[cosHE?)+r sinhE@)][k?+O(k*)]
4Y4™
- 5 x{i2k, SiNE©)[cosHE©®)+r sinh(E?)]
- f_w (27)* 19(Pays) +k?(1+r sinE©))
~ 2 &i (0) —r2)gj (0)
| (K, g, y,1) +k; sinhE'™)[(2—r<)sinh(E'™)
cosHE©@)+r sinh(E©) +1(cosHE®)—1)]+O(k3)12, (53)
—Tw(k.me(o))} : (48)  where the on-shell condition of external quark is used. While
Pav,=IE@ =0 the two expressions above show a different IR behavior, the
difference can be absorbed, aside from an overall factor, by
where the IR behavior of replacing the pole mass® in Eq. (52) by
J  ~ ) 41 sin(E©
——1,(k,ps,E©®) (49) -~ (o), COSHE®) 41 sinh(E')
g\ Pa =
19(Paya) P474=1E© x=0 m=sinh(E™) 1+r sinh(E) (54

is the same as that of Here, we do not take account of the last term in E5p)

R because it does not give leading order contributions either for
J (K, Psg,My,T) | the case ok,=0 or of k,#0 for smallk. It is straightfor-
i9(p4ys) COSHE®)+r sinnE©))| ' ward to check that the remaining overaija corrections of
(50) the denominator are precisely canceled with those arising
from the numerator witkk=0. 5
In this expression the IR divergence is transferred to the first Consequently we take for the integrahgthe following
term, and in_consequence the second term is finite. For thexpression:
candidate ofl , we try the continuum counterpart of the in-

P474=IE@\=0

tegrand 1 ,/[coshE®)+r sinh€?)] replacing v ,(p4 Tw(k,p4,ﬁ’l)=0(A2—kz)47TC,:

+ki2r) by v,, S(pstk,my.r) by S(ps+k,E?) and

D(k,\) by D(k,\) in Eq. (26), XE ;pé(p4+k,ﬁ1)5p5(k,h). (55)
p

1,(k,pa,E@)=0(A2—k?)47Cp
5 _ A simple calculation gives
X2, 0,S(patk,E®)T,D(kN), (51)
’ = d% a1 ,(k,py. )|
where the domain of integration is restricted to a hyperspherJﬂ 2m)* 19(paya) ]

of radiusA, not exceedingr, for convenience of an analyti- Pava=ifh
cal integration. It is apparent that in the limit af—ﬂ) Eqs._ Cr 22| 3A%4 9A —
(49) and (50) have the same IR behavior. At a finite lattice =1 —21In N2 it o A“+4m

spacing, however, the IR behaviors of the two integrands are

different due to finitem,a corrections. 3A
Let us examine the IR behaviors of the denominators of + = (A%+4m?)%2—6In

Egs. (49 and (50), where we transfer the Dirac structure in

the denominators of quark propagators to the numerators.

For the continuum case we find whose massless limit is

A+ A%+ 4m?
2m

] . (56)
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7 d% alu(k,py Fn)‘ At the tree level we find
lim f S
o d-m 2m)* 19(Pays) ‘ B »
Para=im ZP (m=1. (62)
_Cr A? N9
“ax | MFz 2N 2l (57) Performing the integration in an elementary way we obtain

5 the one-loop correction
where\ is assumed to be less than
. 9% (p,m) o 2
B. Continuum results b =21l y+In|4m7|
We turn to the calculation of the on-shell wave-function p=im
renormalization factor using the continuum NDR scheme in-
stead of the lattice regularization scheme. For the one-loop —In
contribution to the quark self-energy shown in Fig. 1 the
continuum Feynman rules in Sec. Il give the expression

2 2

—21In

) =) —4}, (63
where the pole term (2 y+In|4m]) should be eliminated
S (= d% 4G in the MS scheme. We note that this result is independent of
s> (p,m)=as . (2m)P "TF the choice of spatial momenta for the external quark state
because of Euclidean invariance in the continuum theory.

x> T,S(p+km7,D(k\), (58)
p C. Relation between continuum and lattice wave-function

. . . . L renormalization factors
whereD is the reduced space-time dimension which is pa-

rametrized bye as . . .
¥ Using the results for the lattice and continuum wave-

D=4—¢, €>0. (590  function renormalization factors obtained in the previous
subsections, let us find the correction factor which connects
Since this dimensional reduction procedure prevents us frorthe two factors. From Eqg46) and (62) the tree-level rela-
taking zero spatial momentum for the external quark statgion is
before the loop integration, we perform the calculation of the
on-shell wave-function renormalization factor in a Euclidean Z(Vf’)com(m)=u0[cosr( E©@)+r sinr(E(o))]Zf/f’)lan(E(O),r),

invariant way. (64)
Up to one-loop corrections the quark propagator takes the
form where we taken=E(®. Up to the one-loop level we obtain
S Lp,m)=ip+m—a3S®(p,m). (60) the following expression:
In terms of this expression the on-shell wave-function renor- szonf( m) = uo[cosHE®) +r sinn E(?)]

malization factorZ;,l is written up to the one-loop level as
X[1+ash E@N)IZZHEr), (65

4 g3V (p,m)
Z, m)=1-ag —— (62)
iop p=im where, from Eqgs(47) and (61),
|
g3 (p,m sinh(E@)+r coskE® o
A 50,20 )|, sinh D)+ COSED) Ly
idgp |",’:im cosHE@)+r sinh(E©)
1 3™ (py, i, 1)
- © =) : ) (66)
cosHE©)+r sinh(E?) i9(Pava) |p4y4:iE<°>

with m=E(®. From Egs.(42), (65), and(66) the tadpole contribution to the lattice wave-function renormalization factors is
explicitly expressed as

[sin(E©@)+r cosHE®)][sinhE®@)+2r sink?(E©/2)]

(1)
[cosHE®)+r sinhE)]? Ug s (67)

AEQ N =A,E?r)+uf’ -
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0.2 ‘||| T T ||||||| T T ||||II| T T |||l||l ) T
- A’\V < , .
p < p P < -p
k k
9 % 9, q,
(@) (b)

FIG. 4. One-loop diagrams for the vertex correctiokss the
loop momentum angb is the incoming quark momenturp. de-
04 - ] notes the outgoing quark momentum fay and the incoming anti-
r iy quark momentum fotb).

IIIII L IIIIIIII 1 IIIIIIII I3 IIlIIIII 1 11
10° 10” o 10" 10°
E
FIG. 3. One-loop coefficient of the relation between the on-shell A. Lattice results
wave-function renormalization factors on the lattice and in the con-
tinuum with NDR scheme as a function Bf®. The Wilson param-
eterr is chosen to be one. Open symbol denotes the vali %t

IV. VERTEX FUNCTIONS

At the tree level the lattice vertex functions fdr
=Yu,7Y.Ys (k=1,...,4) do notsuffer from mya correc-
tions, which contrasts with the wave-function case. Up to the

=0. one-loop level the vertex functions are written in the follow-
where ull)= —1.2976(4) from Eq.22). For the coupling "9 form:

constant we can take eithef®™ or «2"/ug because the dif- © =0 & 1) 0 o)

ference is of order?. From Egs.(57) and (63) we observe Ar(Ey7 BT N =T+ 7 A (Ey7 B3, (69

that the IR singular terms in E¢66) for A —0 are precisely 0

canceled. We also note that the mass singularities occurrin () ()
atE®—0 in individual terms of Eq(66) also cancel, which Where Ei” and E3” are the pole masses for the external

- i (1)
assures us that,(E(%),r) is finite even in the massless limit. iuarks. Thedollji loop Vert?i correctmn&rb Tordrb
In Table | we present numerical values af,(E©)r) _7‘|"7i.75 ?]n i 7 ’747;]5 ('_.1;:2.’3) ar% obtalne y
evaluated usingAsEswith an inaccuracy of less than 2% for €V& uating the diagrams shown in iggapand 4b), respec-
representative values of the pole m&s® for ther =1 case. tively, on condition that the external quark and antiquark are

The values ofA ;,(E(%),r) defined in Eq(67) are also given on-shell with zero spatial momentum.

in Table | to demonstrate the magnitude of the tadpole con: W? first consider thke case dﬁ?”‘l”".ﬁ for which ex-l :
tribution. Our result for\’. evaluated aE@ =0 with r = 1 is ternal states are quarks. Using the lattice Feynman rules in
) ¥ Sec. Il, the amplitude corresponding to FigaMis expressed

AE@=0r=1)=AE®=0r=1)+uf"=-1.37, (68 2°

which is consistent withAs /(3w) for r=1 in Ref. [10] a—:A(Fl)(E(lo) £ r)=a—4s fw d%k L (ED ED 1)

within the error in the numerical integration. The pole mass ug ug ) (2m)*
dependence oA, is shown in Fig. 3. We observe that the (70
mga corrections give large contributions in the regiaf
=0.05. with
Ir(KEQ ES) 1) =47Ce 2, v,(p4+KI21)S(ps+K, Moy, 1T S(Pa+K,Myy v, (patki2r)D(KN), (71)
p

where E{”) and E{) are expressed witlh,, and m,,, respectively, as in Eq(39). The vertex correctior(70) has IR
divergences foh —0 as can be seen by the power counting. ExpandindAg.aroundk=0 we extract the IR singular part:

|, (K EL EY N)/[47CeD (K N)S(Pa+ KMy 1) S(= (Pat k), May 1SR+ K, ay 1) S(= (P4 +K), Mgy )]

+r2 1—r2

cosHEYY +EY) —

=Ya

1
2 sinh(E”) sink( E(zo))[ 3- coshEYY —EY”) —r sinh(E{" + ES”)H
2 2

0 0 _
+ cosHEY +EY) -

+0o(k), (712

1+r
2 sinHE{Y)sinh E<2°>)[ -3- coshE{Y—EX)—r sinh E{Y+EY)
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|y (K EVES ,1)/[4mCeD (K N)S(Pat KoMy 1) S(— (PatK), Mgy ,1)S(p4+K, My, 1) S(— (pg+K), My, 1)]

= 75| 2 sinr(E(lo))sinr(E(zo))( —-1- Lt coshE +EY)) - 1_2 : cosHE® —ER))—r sinr(E(lo)JrE(zO))H
+ 9 Y574 2 sink(E&O))sinP(E(z(”)( 1- Lt cosHE®+EW) - L cosHE{”—EX) —r sinhEL + E(ZO))] +0(k),
(73
where, from Eq(53),
D (KNS H(pat K, My, 1)S M= (pat k), My, 1S Pyt KMy, 1) S H(—(p4+k), My, 1)
=[k?+\2+0(k*1{i 2k, sinh(E{?)[cosHE(?) +r sinh(E)]+k2(1+r sinhEL))+0O(k3)}
x{i2k, sin(EX)[cosHER)+r sinh EL)]+k2(1+r sinh EL))+0(k3)}, (74

with the use of the on-shell conditioms=iE{” andp,=iE). In order to extract the terms independentafie design to

subtract from the integrank}(k,E(lo) ,E(zo) ,I) an analytically integrable expressif)ﬂ which has the same IR behavior near
k=0:

7 odk o~ 7 d'k ~ o
A%“(E&"%Eé‘)%r):J_ Wlﬁk,ml,mzwj_ G I EL B2 D~ (ki o) ] <o, (75

where the first term in the right hand side contains the IR divergence and the second one is IR finite. For the caﬁ@lidate of
we take

Tr(k, My, p) = (A2~ k) 47Ce 2 T, S(py+k, M) T'S(pat K, )T ,D (KN, (76)
p

with

cosHE®) +r sinh(EX)
1+r sinhE})

~ : 0
my ,=sinh( E(l,Z))

(77

as we did for the case of the on-shell wave-function renormalization factor in Sec. Ill. The IR behaT/fo'rso$hown by
expanding Eq(76) aroundk=0:
1, (K, My ) [[47CED (K, \)S(pa-+k, ) S(— (pa+ k), ) S(ps+ K, o) S(— (s +K),Mp)]

= y4[4Mym,]+[ —8m;mM,]+ O(k), (78)

T g (Ko 02 [[47CED (K, N) S(pat K, ) S(= (pa-+K), 1) S(py K, M) S(— (4 + k), Tz)]= ¥, s — 4] + O(K),
(79

where, from Eq(52),

D3 (k,N)S Lyt k,Mp)S L= (pat k), M)S H(pg+k,My) S~ (= (py+ k), ) = [K2+ N2][i 2K, + K2][i 2K, + k2],
(80

with the use of the on-shell conditions,=im; and p,  effects, because it is known that the local vector and axial
=im,. vector currents do not mix with other dimension three opera-
Comparing Eq(72) with Eq. (78) we find that each term tors for the Wilson quark actiofiLO]. [In this paper we do
proportional toy, and 1 inl,, shows different IR behavior not consider the contributions of the higher dimensional op-
from that in~l74 at the finite lattice spacing#0. This is not ~ erators to the lattice vertex functiort§9) as the operator
due to the operator mixing between the local vector currenfiXing.] Here it is noted that following our definition of the
and the local scalar density but ascribed to the lattice cut-offénormalization constant in E¢l4) we should combine the

034507-9



YOSHINOBU KURAMASHI PHYSICAL REVIEW D 58 034507

term proportional toy, with that proportional to 1 i, and  dure we find that the IR behaviors bf, and1,, are same,

ly, using the equations of motion for the external quarks orwhich is expected from a point of view that the IR behavior

the lattice, should be independent of the ultraviolet regularization

R scheme. This is the case that we can match the vertex cor-

(i 74 Sin(pg) +Myy+2r SiF(p4/2))u(ps)=0, (81)  rection for '=7y, on the lattice to that in the continuum
— . . , irrespective of the IR regularization scheme. HoE y;ys
U(P4) (i v Sin(py) +Maut2r sirf(py/2))=0, (82 ihe combined contribution of the terms proportionahtes

andy;ysy, in 1, of Eq.(73) with the aid of the equations

of motion for the external quark81) and(82) has the same

(ivaPatMy)u(pg) =0, 83 IR behavior Withﬁlqyi v Of EQ. (79).
u(pg)(iyapst+imy)=0, (84)

In the expressiori75) we have carried out the first inte-
gral analytically and the second one numerically using
whereu(p,) is the Dirac spinor for the incoming quark state BASES The analytical integrations of(k,m,;,m,) for T’
andu(p,) that for the outgoing quark state. With this proce- = vy4, ;s give the following results:

™ d4k ~ CF
J’_ﬂ (277)4 74(k mlumZ) E

and in the continuum

. A2 J(r, s A2+ 11 A Ty, A JAZ+4m3
T TN T\ R mumy) 2\ 2mmg  mim,) 4 my-m, | A
1 2 \ A A M\ A+ VAZ+4m?
N o= 24 4Fn2\312 S I D N
+ ﬁf'f’ ﬁ11r~n2) > A +4m1+mﬁ(1\ +4m1) + 6+4ﬁ12)ln‘ 2Fn1 +(mye—m,)

A2 2 2\ A? m, VA2 +4mZ [ 2 2 \ A
_ _ I T R 2 ~ 2
+ 4|nA2 + m§+ﬁﬂlﬁz) > +m1—ﬁ12[8 " (mfﬁhmz) : VAZ+4ms
My A+ VAT A2 -
12+4~1>| ’%]-i—(mlez)H
m, 2m;
ol >\2+ 1 1 A2+ 1 L1 1 |\ A4
BRE R M2 mm,) 2 | 2mim2 | mom, 4
m, A2+4ms A — . oiam A+ JAZ+ 42 L
— 1 — + =5 AP+ 4MmE— —=5=— (A%+ +6In————| | + (M
T 4 A 2m§ A“+4m; 4mfm2 (A°+4m3) 6In 2, (Mmyem,)
(85
and
m d4k ~ _~ o~ C|:
| it / |5
B " >\2+ A2 1 4 1\ A*
= Ys 22 ﬁ]l mm,) 2 |\ 2m2m2 | mim,) 12
m, JAZ+4m2 A A s riam A+ A2+ 42 -
ﬁ]l_ﬁ]z{—4 A +2m VA +4m71 Z"ﬁfﬁz(A +4m3) +6lnT +(mye—my) ||,
(86)

where we use the equations of moti@83) and (84) for the second expression in E@5). We remark that the above
expressions do not diverge in the limit f,—m;. The results fom,=m, are presented in the Appendix.

Let us turn to the second cabe= v; , y,vs for which a quark and an antiquark have to be chosen for the external states for
a nonvanishing matrix element. From Figbpwe obtain Eq.(70) with, however,
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Ir(k,ES ES) 1) =47Cr Y v,(— P4+ ki2F)S(—ps+K,Myy ,1)TS(PatK,Myy,1v,(patk/20)D (k). (87
p

Around k=0 the integrand87) behaves as
L, (K,EY ES 1) /[47CeD (KN S(pat+ K, Mgy 1) S(= (P4 +K), My ,1)S(— pytK, Mgy, 1) S(= (= ps+K), gy, 1)]

=, 2 sinE{?)sinh(EY)){ 1+ Lr® cosHE? +EX) + ! 2r cosHE{Y —EX) +r sinnEL + E(ZO))H
_ _ r? 1-r? _
+ 9,74 2 SINHEY)sinh(EYY){ — 1+ cosHE{Y+EX) + cosHE{Y—EX) +r sinhEQ+EX) t |+0(k),
(88)
iy (GEY  ESY ) I[4aCeD (K N)S(pgt K, My, 1) S(= (patK), My, F)S(— pat KoMy ,1)S(= (= pytK), gy ,1)]
+r? 1-r2
= ¥4y5| 2 SiINE)sinh(EY){ —3+ 5 cosHE +EY) + —— cosHEY —EP)+r sinh(EL + E;°>)H
2 1_r2
+ 5| 2 sink( E(lo))sinI"(E(zo))[ -3- coshE{Y+EY) - —— cosh EY—EP)—r sinhEP + E<2°>)} +0(k),
(89
where
DYk, \)S™H(Pat K My, 1) ST (= (Pat k), My 1S H(—patk, My, 1S H—(—pstk),Myy,r)
=[k®+ N2+ 0O(k* {i2k, sinh(E{?)[cosHE®)+r sinhE)]+k2(L+r sinhEL))+0(k2)}
X{—i2k, sinEX)[cosHEY)+r sin(EL)]+k?(1+r sinh ESX))+0O(k3)}, (90)

with the use of the on-shell conditioms=iE{” andp,=iEY.
We introduce a counterterig(k,m;,m,) to regularize the IR singularity of the integrahgin the vertex correction,

Tr(k, g, Mp) = 0(A2—k?)4wCr >, T,S(— pj+K,My) ['S(pa+k, )7 ,D(k,\) (92)
p

with m; , defined in Eq(77). The IR behavior o?r is

T, (kg o) [4mCED (N S(pa+ K,y S(— (pa+K), M) S(— pi+ K, ) S(— (= pj o+ k), M) = [ 4] + O(K),

(92
ALY My, ) /[47CED (K, N)S(pat K, My) S(— (py+ k), i) S(— pst+k, ) S(— (— p4+k),my)]
= y4ys[ — 4Mym,]+ ys[ —8mym, ]+ O(k), (93
where
D™k N)S H(py+k, My S H(— (patk),Mp)S H(— py+k, ) S H—(— ps+k),My)
— [ K2+ N2][i 2k, + K2][ — i 2K, + K21, (94)

with the use of the on-shell conditioms=im, andp,=im.,.

As we did in the case of the vertex correctionsFor v,, ¥, vs5, we make a one-loop matching of the vertex corrections for
I'=1v,,v47y5 on the lattice to those in the continuum with the aid of the equations of motion for the external quark and
antiquark states on the lattice

(i 74 Sin(p4) + My, +2r sir(pa/2))u(p,) =0, (99
0(P))(— iy, sin(py) + Mg, +2r si(py/2))=0, (96)
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and in the continuum
(iy4ps+My)u(ps) =0, 97)
v(p,)(—iysps+my) =0, (98

whereu(p,) is the Dirac spinor for the incoming quark state ar(gh;) is that for the incoming antiquark state.
Using 1 -(k,M; ,M,) of Eq. (91) we can decompose the vertex correctiof’(E{?),ES r) into an IR divergent part and

a finite one as in Eq.75). The IR divergence residing in E(P1) is calculated analyt|cally The finite term is evaluated with
numerical integration with the aid @fases The results of an analytical integration of E§1) for I'= v; , v,ys are as follows:

= d%k ~ o
", et / |57
? T MM, 1 1 |\ A? 1 1\ A?
A2 U\ myp+m, m; mmy/ 2 {2mim; mjm,/ 12
th \ A2+4ﬁ11 A 5 = A 9 ~ 2\ 3 A+ A2+4ﬁ]l? - ~
== — + —=> JA°+ — + + _—
m1+ m2 [ 4 A Zmi A 4ml 1Z,nim2 (A 4m1) 6In 2m1 (m1<—)m2)
(99
and
= d* ~
Jlﬂ_ (277)4 Iy4y5 k m11m2)
" 2 g7 mym, 1 3 A2+ 1 1 |\ A4
va¥s| M2 TEX W+, T mmy 2 owere |, 4
m, JAZ+am? (1 2 VA , o
+ = — + | = - | — + _ +
ml+m2 [ 4 A m% mim, 2 A 4ml 4m§ > (A 4m )
my\ A+ JAZ+4ms -
+|6—4= = +(m1<_,m2)
2 2my
4| )\2 +16’7T mlmz n 2 2 A2
YA TN e, |\ ) 2
m, VAZHam? (2 2 VA m\ A+ VAZEam2)
== — e | = JAZH A+ | 12— 4= | IN|————— | | +
ml+m2[ 8 A mi mim, 2 A 4ml 12 4m2 In 2m1 (mleZ)
" 2 raT o mym, . 1 . 1 A2+ 1 1\ A4
=YaYs nA2 N M+ m, ﬁ]i gy > 2ﬁ1§ﬁ1§ ﬁlimz vy
m AY, 2 [A2 =2
LI +4m1+% AT AT e (A2+ 472324 6 I D A )
m;+m, A 2mj 17 amim, ! 2m; ’
(100

where we use the equations of moti(dv) and (98) for the second expression in E.00. The expressions in the limit of
m,—m, are listed in the Appendix.

B. Continuum results The one-loop contributionsA{Y for T'=1y,,y,y5s and
=v,,v4ys (i=1,2,3) are represented in Figs(ay# and
4(b), respectively. We perform the loop integrations impos-
ing the on-shell conditions on the external quark and anti-
quark states in a Euclidean invariant way, and after the inte-

D grations set the spatial momenta of the external quark and
Ap(mg,my) =T+ asAr”(mg,my). (10D antiquark equal to zero.

We repeat the calculations of the vertex functions For
=Y., YuYs (k=1,...,4) in the continuum NDR scheme. The
vertex functions up to the one-loop level are written as
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TABLE II. (3 A, (E{” ,E”,r) and(b) A, (E” ,ES” ,r) for combinations o{” andE{” . The Wilson parameter is chosen to be
one. The error in the numerical integration is less than 2%.

@A, (i=1,2,3)
EQ 0 0.001 0.01 0.1 0.2 0.5 1 2

0 —8.29x10°1
0.001 -8.30x10°' -8.31x10°*
0.01 -—8.43x10! -8.44x10°! -8.58<10°?

0.1 -9.18x10°! -9.11x10°! -9.28<10°! -9.94x10°?!
0.2 -9.71x10°! -9.66x10°' -9.82x10°' -1.04 -1.08
0.5 —1.08 -1.07 -1.09 -1.14 -1.16 -1.19
1 -1.18 -1.18 -1.20 -1.27 -1.31 -1.31 -1.31
2 -1.32 -1.32 -1.35 —1.46 —1.54 —1.69 -1.77 -2.12
(b) A
@
EQ 0 0.001 0.01 0.1 0.2 0.5 1 2
0 -8.19x107*

0.001 —-8.24x10°' -8.19x10°*
0.01 -8.13x10°!' -8.11x10°! -8.06x10°?

0.1 —-7.31x10°Y -7.33x10! -7.30x10' -6.92x10°*

0.2 -6.50<107! -6.55x10"' —-6.53x10°' -6.38<10°' —-6.03x107*

0.5 —457<10°1 —451x10°' —-4.62x10Y —-4.81x10' —-4.74x10°' -—4.00<10°?!

1 —-2.19x107! -2.16x10°! -—-2.18x10°! -255<10°' -2.69x10°! -—2.48<10°! -—1.75x10°?

2 +7.40<1072 +7.20x10°%2 +6.96x1072 +3.58<10°2 +9.03x10°% -—2.73x107% —2.31x10°%2 +3.20x107°2

For the case oF = y,, y;vs the continuum Feynman rules 2 | m;+m, |my

in Sec. Il give the following expressions for Figa —2In My -5 =, In m +6
a AP (my,m A2 m;+m, |m
SAr(my,mg) +|41n |+8 L 2| -8
= dPk o~ mim,| T myg—m, - |m,
:asf_w(ZTP4WCF§ va(p +k,m,) 2 Mz
_ B =Y P y+|n|477| +1In m
XT'S(p+k,my)7T,D(k\), (102 v
Nl mptmymy
whereD is the space-time dimension which is reduced from +2In m1m2| +3 m;—m, I _2 —2 (109
four by e to regularize ultraviolet divergences ahdis de-
fined asy, or y,ys for n=1,2,...D. The on-shell condi- 4nq
tions for the external quarks are written as
: C
(ip+ my)u(p)=0, 03 AW mmy /|
u(p’)(ip’ +my)=0, (104 2 u?
=78l 2 y+In|4m| | +In e
whereu(p) is the Dirac spinor for an incoming quark state e
andu(p’) is one for an outgoing quark state. After carrying o A2 ‘ 3 m;+m, | m; 4 106
out the integration in Eq(102 we take v,=v4, ¥,¥s +2in m1m2\+ m—m, my | (106

=vvs, p=(0,0,0im;), andp’=(0,0,0im,). The final re-

sults are given by where the pole term (2( y+In|4n]) should be eliminated

c in the MS scheme. The second expression in Ef5) is
A(yl)(mlva)/ [_F} obtained using the equations of moti#03) and(104). The

4 am expressions of105 and (106) for the case ofm,—m; are
2

u? given in the Appendix.
= ')/4[(—— 'y+|n|477|) +In Another case isI'=%;,y4y5. The one-loop diagram
€ m;m; shown in Fig. 4b) is written as
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a AP (my,my) (ip+myu(p)=0, (108
fw —de4C2~§( "+ k,m,)

= - ,m 7 H
Y| . (2mP TFa U P 2 v(p)(—ip’ +my)=0, (109

XT'S(p+k,my)T,D(k\), (107

with v(p’) the Dirac spinor for an outgoing antiquark state.
where the external quark and antiquark are on-shell Performing the integration we obtain

(1) CF 2 2 | 2 | o mlm2 ml_mz ml
A5 (my,my) —|=v||=——vy+In|4x||+In +21In +8— +3 In|—|—4
i A € mym,)| mm, N mgtm, T mptm, | m,
(110
and
C 2 u? 2 T mm m;—m, |m
AY (mymy) /=== vays | =— y+In|4a] | +1n ‘—2In g Mo —5—_2in|—|+6
Y475 47 € m,m,| mm,| A mgtm, Tmgtm,  |m,
2
m mm m;—m, |m
+ye —41n 16— ——2 —8— 2 |n|— +8]|,
m;m, Am+m, Cmgtm,  |m,
2 2 A2 T mm m;—m, |m
=YaYs5 ——y+|n|477| +1In K ‘+2In ‘+8— 12 ! 2 —1—2,
€ mym,| mm,| A mitm, T mptm, |m,
(111)

where the pole term (2/~ y+ In|4]) should be eliminated in thelS scheme. We use the equations of motib®8) and(109)
for the second expression {#11).

L L e e e e e ALl C. Relation between continuum and lattice vertex functions

(a) E1(0)=E2(0) § From Egs.(69) and (101) we obtain the relation between
the lattice vertex corrections and the continuum ones up to
the one-loop level

AP (my,my) =[1+ aAr(EY EY ,1)]

X ARYE ED 1), (112

with

)con >Iatt

(EQ,EQ 1),
(113

t
Ar(EP EQ r) =AM " (my,my) - AF

-1 7] where we takem; = andm,= . In the Appendix we
1} ., h taken; =E{*) andm,=E{. In the Append
. . latt o
- e A, ] list the expression for (" and AM™ in the limit E{?
[ : ] |
2 LA, ] —E®—0 or E—0. They show that\ (V™" and A(D™"
|||||_3 1 |||||||_2 ' |||||||>1 )1 |||||||0 L have the same Slngular structures fGI’—>0, Ego): E(zo)—)o,
10 10 E 0'° 10 or E{—0 where we assume<E{® ,E{”). ThusAr in Eq.

2 (113 is IR finite, and also finite in the limit oE{"=E

(0)
FIG. 5. One-loop coefficients of the relation between the vertex_’0 org;"—0.

- 0) (0

corrections fory, on the lattice and in the continuum with NDR Num(_arlcal Value_s OfAr(E(l )aE(z )r) for I'= Y, evalu-
scheme(a) is for the case oE{?=E{ and (b) for E{?=0. The ated usingBASES with an accuracy of better than 2% are
Wilson parameter is chosen to be one. Open symbols denote thetabulated in Table 1l for representative values of the pole
values aE{®?=0. massesE(”) andES” for ther=1 case. Our results fak,,
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TABLE lll. (8 A, (E{Y ,EY” r) and(b) A, , (E{Y ,EY” r) for combinations oE{” andE{” . The Wilson parametar is chosen to
be one. The error in the numerical integration is less than 2%.

(a)Ay75(| 1,2,3)

El
ED 0 0.001 0.01 0.1 0.2 0.5 1 2
0 —-3.13x10°1
0.001 —3.14x10°' -3.12x10°*
0.01 -—3.08<10°! —-3.05x10°! —2.99x10°!
0.1 —2.71x1071 —-2.62x10°' —-2.66x10°1 -—2.44x10°1
0.2 —-243x10°1 —-2.33x10°! -—-240x10! -—-227x10°! -217x10?
0.5 -191x10°* -185x10' -1.83x10' -1.88x10' -190x10°' -1.88x10°*!
1 —-1.31x107! -1.25x10°' —-1.24x10! -1.31x10°' -1.43x10°! -1.58<10°! —1.49x10°?!
2 —2.87x1072 —3.00<107%2 —3.04x10°2 —4.94<10% —-6.66x1072 —1.04x10°' —-1.24x10°! -1.21x10°?

(b)EA(Oy)m
EQ 0 0.001 0.01 0.1 0.2 0.5 1 2
0 —3.15x10°*
0.001 —3.15x10°' -3.14x107!
0.01 -—3.09x10°' -3.06x10°! -3.03x10°?
0.1 —-2.90x10°! -2.83x10°' -—-2.82x10! -261x10°*
0.2 -2.88x10°1 -2.78<10°' -2.82x10! -2.60x10' -2.53x10°*
0.5 —-3.36x10°1 -3.26x10°' -—-3.36x10! -3.25x10' -3.10x10°! -3.13x10°?
1 —4.83x1071 —-4.74<10°' -4.89x10° ! -515<10' -521x10! -4.99x10°! -546x10?
2 -8.16x107! -8.20x10°' -8.38x10°! -9.27x10°!' -1.00 -1.12 -1.20 -1.61

andA’yll» at Eg'O): E(ZO): 0 are ConSiStent With 7#/(377) for lllll T 17 lllll' T 717 IIIIII T 17T llllll T T7
r=1 in Ref.[10] within the error in the numerical integra- (@) E O_g © ]
tion. Figure %a) shows theE{”) dependence ob, andA,, i L ]

for the case oE{"’=E(”), and Fig. %b) is the same as Fig. e S

5(a) for E{”’=0. For both cases we observe tha andA

are roughly consistent in the regi@”=<0.01, while asE(O) 1F oA ]
becomes larger the absolute value Ab,rl increases and that i A a s 1
for A, decreases indicating large,a corrections. 2 s =

Numerlcal data ofAp(EY,EX,r) for T'=1y,ys are PHHE—
listed in Table Ill. The values o, , and4, . at E{” L () E,"=0 ]

=EP=0 show an agreement with,, , /(3) for r=1 in ol ]

Ref. [10] within the error in the numerical integration. Our .
results forA,, Yo and A are plotted in Fig. @) for the

Y475

I — —

case ofE{Y=EQ and in Fig. b) for E{”’=0. We observe - oA, .
thatA., ,_andA, ,_show anE$”) dependence similar to that I s ]
i75 475 ) 2k T4¥s N

for A, andA,, respectively. L i
4 ! IIIII 1t lIIIIII 1) l‘lllll 1) IIIIIII 111

10° 10° (0)10'l 10°
V. RENORMALIZATION FACTORS FOR VECTOR E2

AND AXIAL VECTOR CURRENTS
FIG. 6. One-loop coefficients of the relation between the vertex
Since we have completed the calculationsAgf and A corrections fory,, ys on the lattice and |n the continuum with NDR
(I'=v4,7,ys) we are now ready to discuss the magnitudescheme(a) is for the case oE{¥=E{ and (b) for E(=0. The
of finite mya corrections in the one-loop contributions of wilson parameter is chosen to be one Open symbols denote the
renormalization factors for vector and axial vector currentsvalues atE{®=0.
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IS I AU B B TABLE IV. E® dependence of,™®™(EQ ), ALED 1)
: (@ E, O (0) 1 —2/m In[EY) andA, , (E{Y=0, EYY r). The Wilson parametar
7] is chosen to be one The error in the numerical integration is less
. than 2%.
] EQ 0™ A}~ 2/ In[ED) Ay
N 1.0 1.33 —7.75x10°1 —4.83x10°1!
1 1.4 1.53 —-8.26x10°* —-6.21x10°*
- H 1.8 1.70 —-8.52x10°* —7.55x10° !
X ] 2.2 1.81 -8.81x10°* —8.74x1071
_' 2.6 1.90 —8.76x107! —9.78<107!
C ] 3.0 1.96 —8.82x107! —-1.06
o h 4.0 2.07 —8.85<107! -1.17
- . 5.0 2.13 -9.12x107! —-1.20
L ] w [11] 2.117 —9.05x10° ! —-1.239
I RPN RN B E®=<0.01, beyond whichAy, decreases in magnitude,

3 -2 -1 0
10 10 o0 10 whereas, increases. In the heavy quark mass redigh

E, ~0(1-2), where currentb-quark simulations are per-

. L formed, the values oA, and A, deviate by about 100%
FIG. 7. One-loop coefficients of the renormalization factors for i 4

0)_
vector currents(a) is for the case oEQ®=E and (b) for )  rom those a&;"=0.

=0. The Wilson parameter is chosen to be one. Open symbols For 0 theo axial  vector current theo resglts for
denote the values & =0, Ap (EL”,ES) 1) are plotted in Fig. &) for Ef”’=E}” and

in Fig. &b) for E{”=0, again for the =1 case. We observe

Combining the results foa,, and A;- we obtain values of that the characteristic features for ths”) dependence of
Av and AA defined in Eqs(23) and (24). AA are similar to those oAV , whereAA corresponds to

E(O)_E(O) and in Fig. Tb) for E(O)_O for ther—l case. For from a 100%mqa correction in the heavy quark region
0)~
both cases the values m‘\,i are close to those cﬁv4 below E2 ~0(1-2).
VI. LARGE QUARK MASS LIMIT

-IIIII T 7T |(|0|)|Il| ((l)) LB llllll T 17 llllll LN l- OF THE RENORMALIZATION FACTOR
[ () E, =E, ] FOR HEAVY-LIGHT AXIAL VECTOR CURRENT

It is instructive to examine the quark mass dependence of
the renormalization factors in the heavy quark region toward

(1) latt

E2’
+— Wilson
s—a NRQCD[13]

1

LI B B L B B B B B B B

3 ] 3
1k S
B —eo A L I S
: A4 A 1 : 2 — —
2r 4 7] i ]
-IIIII 1 1.1 IIIIII 1 11 IIIIII 1 11 IIIIII 1 1 I- 1 :- __
10” 10” 010" 10’ N T B
E© 0 4 6
2 ©
E2
FIG. 8. One-loop coefficients of the renormalization factors for o
axial vector currents(a) is for the case of{?=E{”) and (b) for FIG. 9. E® dependence oE, D (E® r) for the Wilson
E(1°)=O. The Wilson parameter is chosen to be one. Open sym- quark action and the NRQCDL3]. The Wilson parameter is
bols denote the values B =0. chosen to be one. Dotted line denotes the static result in[REf.
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OO T T T | T T T | T ! T -1 T T T | T T T T T T T
i 1 - , ©) ©) ’
i A, -2In[E, "y ] | A, —In|E,"}m for E, =0 _
i +— Wilson -
| s—a NRQCD[13]
L - _2 - p
20 _ +— Wilson |
- a—a NRQCD[13]
" | | ] ! ! ! | ! " X _3 N N | | | N N | | N N
0 2 4 6 0 2 6
E2(0) E2(0>

© 1EO y_ ©)

Wikon auark acton and the NRGQR3). The wirson parametsr  FIC- 12. LY dependence ok, (E?=0E( 1) Lz e

is chosen to be one. Dotted line denotes the static resultif®gf. ~ for the Wilson quark action and the NRQC[3]. The Wilson
parameter is chosen to be one. Dotted line denotes the static result

the static limit comparing with the previous results for thein Ref.[11].

static effective theory11,12 and the nonrelativistic QCD

(NRQCD) [13,14. In the static case there exists only the ES)=o we quote the results in Ref11]. Since the static

calculation of the renormalization factor for the fourth com-results for the one-loop correction to the pole mass and that

ponent of the static-light axial vector current using a staticto the wave-function renormalization factor in Rgf1] con-

heavy quark and a massless Wilson quirk,12. Thus in  tain the tadpole contributions, we present our results for

this section we consider the renormalization factor of t_heEé(l)'att defined in Eq(42) andA/, in Eq. (67).

heavy-light axial vector current. It is expected that our Wil- Figures 9, 10, and 11 show thE(ZO) dependence of

son results should agree with the static ones in the large, qyat ©) .
quark mass limit. EZ , Ay —2/7 In[Ey7, anda,,,., respectively. For com-

In Table IV we present numerical values for Parison we also plot the results for the NRQCIB], where
| . .
Eé(l)att(E(zo) ), A://(E(ZO) 1) =2/ In|E(20)| and Avus (E(10) we use the following correspondences between our notations

0) ] i and theirs:
=0,E5" ,r) evaluated withr =1 for representative values of
EX , where the divergent part for the heavy quark mass limit

,(1)Iatt _ lat
EQ—o in A, is subtracted as before. For the values at B, — 4ant (114
0.0 ' ' ' | T T T T T T T ’ 4
| © ] Ay-2bm NEP |-z —4nZi, (115
I A  forE, =0 ]
0.4 - as i 1
- ] _ latt
L Wilson | A7475<—> 3. 47TV7475, (116
! =—a NRQCD[13] -
-0.8 - ]

with E{”) the continuum bare quark mass in common be-
N ] tween our Wilson results and the NRQCD ones. We observe
X - that our results become roughly consistent with the static
I S St SRR - limits around E”’~5, while the NRQCD results become
- T closer to the static limits rather slowly having larger values
in magnitude than our results. It is a reasonable feature that
16 N N the NRQCD results deviate from our Wilson ones toward the

o 2 4 6 lighter quark masses, since the NRQCD is well-defined only
E© in the heavy quark mass region. In termsf(E{”=0y)
=-1.37 in Eq. (68), AEY r)—2/mInEP), and

FIG. 11.EY” dependence ok, , (E{?=0ES’ r) for the Wil- A7475(E(10):0’E(20) ;) we construct AA4(E(10):0E(20) )

son quark action and the NRQQR3]. The Wilson parametaris ~ — 1/ In|EY)| following Eq. (24), whoseEY” dependence is
chosen to be one. Dotted line denotes the static result in[R8f.  given in Fig. 12. Both results for the Wilson quark action and
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the NRQCD show a smooth approach to the static limitloop level. This point should be examined through a calcu-
while the latter has larger absolute values than the formelation similar to ours including finite quark mass contribu-
overE(zo)z 1. tions, which we leave for future investigations.
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loop contributions suffer from a very large correction of by Grants-in-Aid of the Ministry of Education(No.
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tice units, which corresponds to the situation of current
b-quark simulations. This fact tells us that thga correc- APPENDIX
tions should be incorporated even at the one-loop level for
the renormalization factors of the weak operators containing In this appendix we present expressions of the continuum
theb quarks in current numerical simulations using the Wil- one-loop vertex corrections and the integrals of the counter-
son quark action. We have also checked that the one-loof¢rms introduced to regularize the IR divergence of the one-
contributions for the renormalization factor of the heavy-loop lattice vertex corrections for some specified cases of the
light axial vector current show an agreement with the statig?0le masses.
results toward the heavy quark mass limit. We first list expressions of the continuum vertex correc-

In this work our investigation has been concentrated oriions A(l)(ml,mz) (I'=v,,7,vs) for the case om,—m,
the Wilson quark action, which is the most naive, unim-and m;—0 with the assumptio\<m;,m,. From Egs.
proved, quark action on the lattice. We wonder how large th¢105), (106), (110, and(111) we find that the vertex correc-
mga corrections are for improved quark actions at the onetions are written in the following forms:

CF ,LL2 )\2 7Tm1
lim A (ml,mz) =y ——y+|n|477| +In—g+2In—2+4——4, (A1)
my—m my nh A
2 1
2 2 2 A2
lim A (ml,mz)/[ } [(——y+ln|4w|)+|n 2In—2—4 +|4Inl—|+8
my—mq € my ml
2 wu? A2
=y | —— y+In|d7|| +In|— +2In —| +4/, (A2)
i (1) Cr 2 ’ ’
lim A% (my,my) I = YiYs ;—y+|n|47r| +n—2+2InHZ+2, (A3)
My—my 1 1
(l) 2 ,le 2 7Tm1 )\2 ’7Tm1
lim A%, (my,my) =y4ys| | =—— y+In|4n| | +In|—| —2In—| —4—+6|+ y5| =4 In|—=|—-8—+8
—m € mj m3 A 1 A
mz 1
2 einfan | +inl™ 42 X 44T A4
=747s| | —— y+In|4x| nm nm% ~ (A4)
and
C 2 2 2 T mm
1 | S Ll 172
mllnjoAl(ml,mz)/ 477} yl[(e y+In|47| | +In -~ +21In 1+8)\ N } (A5)
1
lim AL Cr (2 +In|4a| | +1 w —21 \ i +| 41 2 4 g
m m;,m —|= ——y+In N =21~ n— n—| —4In|—| —
R 2 I A P AR ) B B P R T3 w4 Mm,
2 2
=9, (E—y+|n|477| +In'u +2In)\—2—2, (A6)
my my
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[ 2 2
@ Ce 2 M
lim AS (ml,mz) Im| = YiYs ——y+|n|41-r| +In +2I W_Al’ (A7)
m;—0 . 1
C [[2 w? A2 m  mym
lim AY (my,my) / |==|=y.y ~—y+n|4m] Fin| S =210 Sl + 4 1| — — 8 —2 16
my—0 Y475 1,112 Aqr 4 5_ % ml m, A ml+m2
2 m;m;
—41In—| +4 In|— 16— +8

2 2

5| +2In|— +8—

A mg+m,

(A8)

2 M
= Y45 —y+Inj4x| | +In|— m

a mlm2 :|

where the second expressions in E@&2) and(A6) are obtained using the equations of motion for the external qUat3
and (104), and those in Eq9A4) and (A8) are with the equations of motion for the external quark and antiq(idd® and
(109.
We also _enumerate expressions of the integrals of the counterterms to the lattice vertex corrections
J7 A%l (2m) R (k,my,My) (D=1y,,y,7s) for the case ofn,—m; andm;—0 with the assumption <im, ,m,. From Egs.
(85), (86), (99), and(100 we obtain the following expressions:

2
2|HP

A+A?+4m]

+ =
61n o,

i m d4k ~ _ o~ CF

I’Tbﬂ

7Tﬁ11 \/A2+4Fhi
N A
A4

A
PR 2 21312 -
+12[ﬁ1‘1‘ o (A7) +

1

ﬁz \/A2+4ﬁ14, (A9)

i jw d*k T = Ce] | 2 | A+ A2+ am?
TT;E]Q . (277)4 ‘}/4( 1m11m2) E =74 — nP - n zrnl
A% 3[A* A 1 1A
| — 2 ~243/2 o 2 =2
+4m%+4 o ﬁ]‘ll(A +4mj?) _+2ﬁﬁ VA +4m1}
2 A+AZ+4AMI] A2 A
& SN T R a8
+|41In A2 +8In o, 4r~n§+4f’nf VA +4le
| 2 | A+ A%+ 4]
=Ya 2 nA—z +6 HT
3[A4 9 A
— 2 3/2 2 ~2
+4 [mi‘ Frfl‘(A +4m1) 2 mi VA +4m1}, (A10)

I j” I Cel_ [ 2], g AT VAT A
~mzl_,n2ml —a(2m)* %l My, My) 4a| Y78 nP+ nT
A2 1]A% _ 1A _
—2z5- Z[ =7— 4(A2+4m§)3’2+§~—2\/A2+4m§, (A11)
my 1 M mj
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i Jw 4 TR = Cr | 2 | A+ A%+ 4ms 4wﬁ11 N 2A2
’hhli?nh - (27T)4 7475( ,Mg,my) E——’}I4’y5 nA—z‘l' n 2%1 + N A + ﬁ?l
1A% 1A
R O, 2 2\3/2 - 2 =
+7 = l(A +4m?) } > JAZ+ 42
ol 2+8lnA+\/m+8anl_\/m
s A2 2m, )\ A
| A2 . A+ JAZ+4m? 47rm1 VAZ+4mi| A
BRAZE R Ve BT R Y AR
1[A* A A
S 2 3/2 2 ~2
2 [ﬁfl‘ m1 7 (A +4m1) 2 m% VA +4m7i|, (A12)
whose massless limits are
I Jw L A Cel_ 1) 2+2| i L A3
*mllTo 2t w(kimy,my) /o= Inj= &g H 42| (A13)
I F T,k ) { } P55 A PN .S P Y s [P L [
m my,m _Z N=> — N=> N == N=> =1,
~n'h_*>o _’lT( )4 b ! 1 ml 2 ml ml ml 2
(Al14)
- d4 - CF A2 2
l —— 1, (k,my, i = yivs| In| ==| + 2 In|==| + = |, A15
o L(zwr‘ sl ml)/[%} e R TR 2 (A9
I f” K kiR L Y s P s 1", IO [P S B S
TnllTo . 2n)? 7475( Mg, my) 4| Y475 nﬁﬁ nﬁﬁ N PARRE nmi N
O P TP 1.5 L T AL6
=vays Nlzg 2N e 45 (A16)
and
l fﬁ s T, (k,my, i Cel_ | 2+2| i 3+87T—m1m2 1A2+ A A A2+ 4m3)%?
am ) e ) g = N 2N el =SB e, T2 12| )
(A17)
_ » d* ~ Ce
o -, ko / |37
2 2 A+\A?+4m5| 5 A2 A
=y, —In|=—| — — ——m | a2t A Me— = | =4— =2 (A2 2312
2 2 A+\/A2+4r~n
+| 2Nz +41n = ~6-41n — 2 —2\/ +am?
1 1 2 2
= _| 2+2| \ 3 SA° 1A% A A2+ 4m3)3? A18
e A el T i
i JW LI Ol e+ 20 3 22 LA A e gy A19
~ml|To 777@ yi'ys( lml!mZ) E =%i7s nﬁf nﬁ.]l 2_2 12 m2 F‘n_ézl( m2) ’ ( )
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i m d4k ~ _ o~ CF
lim J;W W I,/4,/5(k,m1,m2) E

~n1l—>0
A+ JAZ+ 42

2m,

A? A2
=%Y4Vs5 _In _2 In

=2

1

=2

1

+3+4In‘

a Fﬁlﬁ]z 5 A2 A 5 =7 1 A4 A 2 ~ 2.3/
_SXW_Eﬁg-l-EgVA +4m2—z Fn_‘z‘_Fn_g(A +4m2)

A2 2 A+ A%+ 4m3 7 mm, A% A
_ I o I R T & W] =2
S N P P L L LS M EPTE A20
ey Mg T2 S B Fyem, 2w 4wy mg AT (20

where the second expressions in E@s10), (A14), and (A18) are obtained using the equations of motion for the external
quarks(83) and(84), and those in Eq94A12), (A16), and(A20) are with the equations of motion for the external quark and
antiquark(97) and (98).
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