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Perturbative renormalization factors of bilinear operators for massive Wilson quarks
on the lattice
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Renormalization factors for local vector and axial vector currents for the Wilson quark action are perturba-
tively calculated to one loop order including finite quark masses from the ratio of the on-shell quark matrix
elements in the Feynman gauge defined on the lattice and in the continuum. For large quark masses of order
unity in lattice units, we find that finite quark mass effects are quite large: one-loop coefficients of the
renormalization factors differ by 100% compared to those in the massless limit.@S0556-2821~98!01815-3#

PACS number~s!: 11.15.Ha, 11.10.Gh
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I. INTRODUCTION

Calculation of weak matrix elements for heavy-light a
heavy-heavy mesons represents a subject of great intere
lattice QCD, which is in principle capable of a precise det
mination of the matrix elements from first principles. Th
main source of systematic errors standing in the way of
goal are the largemqa corrections for the heavy quark ma
mq in units of the lattice spacinga. In current numerical
simulations using the Wilson quark action the magnitude
the b-quark mass in lattice units is of ordermba'1 – 2. To
control the largemqa error lattice studies have to addre
two problems. One is improvement of the quark action
reduce cut-off effects following either the Symanzik a
proach@1# or Wilson’s renormalization group approach@2#.
Another problem is a precise calculation of renormalizat
factors which relate operators on the lattice to those in
continuum for massive quarks. This calculation may be p
sued either by perturbative methods@3# or by nonperturba-
tive ones@4#. An improvement of the perturbative calculatio
including the finitemqa corrections is the subject of thi
article.

Renormalization factors connecting the lattice operato
the continuum one consists of the wave-function part and
vertex part. For the wave-function part Kronfeld and Mac
enzie argued that the tree level normalization of the on-s
wave function for the Wilson quark action suffers from lar
mqa corrections for heavy quark@5#. At the one-loop level,
the question ofmqa corrections to the quark self-energy h
been addressed by Kronfeld and Mertens for the Wils
quark action in Ref.@6#. For the vertex part there are nomqa
corrections at the tree level on the lattice. At the one-lo
level the vertex part has been calculated only in the mass
limit so far. For this reason analyses of weak matrix eleme
so far have to employ the one-loop expression in the m
less limit for the renormalization factors combined with t
Kronfeld-Mackenzie normalization at the tree level even
heavy quark masses. For light quark massesmqa!1 we
have no doubt that the massless expressions are a goo
proximation, while for the case of heavy quark massesmqa
'1 we may naturally suspect that corrections depending
mqa are large even at the one-loop level.

The purpose of this paper is to complete the one-lo
0556-2821/98/58~3!/034507~21!/$15.00 58 0345
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calculation of the renormalization factors for the vector a
axial vector currents for finite quark masses with the Wils
quark action, and to use the results to investigate the ma
tude ofmqa corrections at the one-loop level. We calcula
the renormalization factors of the bilinear operators from
ratio of the on-shell quark matrix elements in the Feynm
gauge defined in the lattice regularization scheme and in
continuum for various combinations of the two extern
quark masses. For the continuum regularization scheme
employ the naive dimensional regularization~NDR! with the
modified minimal subtraction (MS) scheme. In order to
regularize infrared~IR! divergences which are generated
one-loop contributions for the on-shell wave-function ren
malization factor and the vertex corrections, we supply
fictitious massl to the gluon propagator both for the lattic
scheme and the continuum one. For the lattice scheme
extract the one-loop terms independent ofl following the
method used for the massless case in Ref.@7#.

This paper is organized as follows. In Sec. II we give t
lattice and continuum Feynman rules, and describe the s
egy for one-loop calculation of renormalization factors of t
bilinear operators for finite quark masses. In Sec. III we de
onstrate the technique to extract the one-loop terms inde
dent ofl for the lattice on-shell wave-function renormaliz
tion factor, and present one-loop results for the relat
between the lattice and continuum on-shell wave-funct
renormalization factors. Results for one-loop relations
tween the lattice vertex functions and the continuum ones
given in Sec. IV. In Sec. V we present results for the ren
malization factors of the vector and axial vector currents a
discuss the magnitude ofmqa corrections at the one-loop
level. In Sec. VI we compare our results for the renormali
tion factor of the heavy-light axial vector current with th
previous static results in the heavy quark mass region tow
the static limit. Our conclusions are summarized in Sec. V

Throughout this paper we use the same notation for qu
tities defined on the lattice and their counterparts in the c
tinuum. However, in case of any possibility of confusion, w
shall make a clear distinction between them.

II. FORMALISM

A. Feynman rules

The partition function of the lattice theory defined on
four-dimensional Euclidean space-time lattice with latti
spacinga is given by
© 1998 The American Physical Society07-1



tio

se
th
n

r

b
r
bl

h

f
u

oi
ve

e

its
ttice

he

ia-

ose

fol-
is

r-
toff
is
om
n be
on-

or
the

YOSHINOBU KURAMASHI PHYSICAL REVIEW D 58 034507
Z5E Px,mDUm~x!Py, fDc̄ f~y!Dc f~y!

3exp@2SG2SW#, ~1!

where sites are labeled byx[(n1a,n2a,n3a,n4a) with
n1 ,...,n4 integers. We take the standard Wilson gauge ac
for SU~3! gauge link variablesUm(x) given by

SG52
1

g2 (
x,m,n

Re Tr@Um~x!Un~x1m̂ !

3Um
† ~x1 n̂ !Un

†~x!# ~2!

with the bare coupling constantg. For the quark fieldsc̄ f(x)
andc f(x) the Wilson quark action is given by

SW5a4(
x, f

H S mf1
4r

a D c̄ f~x!c f~x!

2
1

2a (
m

@c̄ f~x1m̂ !~r 1gm!Um
† ~x!c f~x!

1c̄ f~x!~r 2gm!Um~x!c f~x1m̂ !#J , ~3!

wherem̂ is a vector with lengtha pointing along them di-
rection,mf is the bare quark mass for each flavorf , andr is
the Wilson parameter. Color and spin indices are suppres
We define the Euclidean gamma matrices in terms of
usual Minkowski matrices in the Bjorken-Drell conventio
according tog05gBD

0 , g j52 igBD
j , g55gBD

5 ; they obey
$gm ,gn%52dmn andgm

† 5gm .
Gauge link variables are elements of SU~3! group in the

fundamental representation. They can be written in the fo

Um~x!5expF iag(
A

TAGm
A~x!G , ~4!

whereTA (A51,...,8) are the generators of SU~3! group in
the fundamental representation, which are normalized
Tr(TATB)5dAB/2, andGm

A(x) are the gluon fields. In orde
to derive the Feynman rules we expand the link varia
Um(x) in terms of the coupling constantg. Higher order
terms of iag(ATAGm

A(x) in the expansion ofUm(x) yield
tadpole graphs, if powers ofGm

A(x) are contracted with eac
other. These tadpole contributions are suppressed only
powers ofg2 because of cancellations between powers oa
from the expansion and ultraviolet divergences. As a res
coefficients in the perturbative expansion ing2 are large, and
lattice perturbation theory does not converge well. To av
this problem we isolate the tadpole contributions as an o
all constantu0 for the expansion of the link variableUm(x)
in terms ofg:

Um~x!5u0F11 iag(
A

TAGm
A~x!G1O~a2!, ~5!
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whereu0 is the expectation value of the link operator in th
gauge employed for perturbative calculations@8#.

From now on throughout this paper we use lattice un
for expressing physical quantities and suppress the la
spacinga unless necessary.

We summarize the lattice Feynman rules as follows. T
gluon propagator in the Feynman gauge with momentumk is
given by

dABdmnu0
4D~k,l!, ~6!

where

D~k,l!2154(
a

sin2~ka/2!1l2. ~7!

Here, we give the gluon a small massl, where eventually
l→0, to regularize possible IR divergences in one-loop d
grams. The quark propagator with momentumk takes the
form

S21~k,mu ,r !5u0F i(
a

ga sin~ka!1mu

12r(
a

sin2~ka/2!G ~8!

with mu5(m14r 24ru0)/u0 . The one-gluon vertex with
incoming quark momentump and outgoing momentumq
has the following expression:

2gTAu0vm~p/21q/2,r !, ~9!

where

vm~k,r !5 igm cos~km!1r sin~km! ~10!

with no sum overm. At the one-loop level the two-gluon
vertex appears only through gluon tadpole diagrams wh
contributions are included inu0 .

The corresponding continuum Feynman rules are as
lows: the gluon propagator in the Feynman gauge
dABdmnD̃(k,l) with D̃(k,l)215k21l2, the quark propaga-
tor is given by S̃21(k,m)5 ik”1m, where k” denotes
(agaka , and the quark-gluon vertex is2gTAṽm with ṽm
5 igm .

B. Procedure of calculation

In the lattice regularization scheme ultraviolet dive
gences of composite operators are regularized by the cu
a21, while in the NDR scheme in the continuum this
achieved by a reduction of the space-time dimension fr
four. Operators defined in each regularization scheme ca
related by renormalization factors which are expected to c
verge for the perturbative expansion in terms ofas
5g2/(4p) due to the asymptotic freedom of the theory. F
the vector and axial vector currents the relation takes
form
7-2
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„c̄2~x!gmc1~x!…cont5ZVm
„c̄2~x!gmc1~x!…latt, ~11!

„c̄2~x!gmg5c1~x!…cont5ZAm
„c̄2~x!gmg5c1~x!…latt,

~12!

with ZVm
andZAm

(m51,...,4) renormalization factors.

A possible way to perturbatively determineZVm
andZAm

is to calculate the ratio of the matrix elements for the latt
and continuum regularization schemes employing exte
on-shell quark or antiquark states in the Feynman gauge.
the vector and axial vector matrix elements we further n
to specify space momenta of external quark or antiqu
states since the matrix elements generally depend on th
We take the natural choice of zero spatial momentum in
article. The renormalization constants are then calcula
from

ZVi
5

^q̄2uc̄2~x!g ic1~x!uq1&
cont

^q̄2uc̄2~x!g ic1~x!uq1&
latt

~ i 51,2,3!, ~13!

ZV4
5

^q2uc̄2~x!g4c1~x!uq1&
cont

^q2uc̄2~x!g4c1~x!uq1&
latt

, ~14!

ZAi
5

^q2uc̄2~x!g ig5c1~x!uq1&
cont

^q2uc̄2~x!g ig5c1~x!uq1&
latt

~ i 51,2,3!,

~15!

ZA4
5

^q̄2uc̄2~x!g4g5c1~x!uq1&
cont

^q̄2uc̄2~x!g4g5c1~x!uq1&
latt

, ~16!

whereq and q̄ stand for quark and antiquark, respective
The choice of a quark state^q2u or an antiquark statêq̄2u for
the external state is made to ensure a nonzero value o
matrix element for each operator. We should note that
cause of violation of space-time permutation symmetry
our choice of momenta for external quark or antiquark sta
ZVi

ÞZV4
and ZAi

ÞZA4
are expected due to possiblemqa

corrections except in the limit ofa→0.
At the tree level on-shell wave-function renormalizati

factor for the Wilson quark action is shifted from unity b
finite mqa corrections@5#:

ZVi

~0!5ZV4

~0!5ZAi

~0!5ZA4

~0!

5u0Acosh~E1
~0!!1r sinh~E1

~0!!

3Acosh~E2
~0!!1r sinh~E2

~0!!, ~17!

whereE(0) denotes the pole mass at the tree level in comm
between the Wilson quark action and the continuum o
The superscript (i ) refers to thei th loop level. Up to the
one-loop level renormalization factors are written as

ZVi
5ZVi

~0!@11asDVi
#, ~18!

ZV4
5ZV4

~0!@11asDV4
#, ~19!
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ZAi
5ZAi

~0!@11asDAi
#, ~20!

ZA4
5ZA4

~0!@11asDA4
#, ~21!

with

u0512
2

3
g2E

2p

p d4k

~2p!4 D~k,l50!

5121.2976~4!as ~22!

DVm
5

Dc1

2
1

Dc2

2
1Dgm

, ~23!

DAm
5

Dc1

2
1

Dc2

2
1Dgmg5

, ~24!

where the integration in Eq.~22! is performed numerically
using the Monte Carlo integration routineBASES @9#. Dc is
the difference at the one-loop level between the lattice
continuum on-shell wave-function renormalization facto
andDG (G5gm ,gmg5) are a similar difference for the verte
functions. We remark thatDc andDG are functions ofE1

(0) ,
E2

(0) , and r . In the following two sections we present ou
calculation ofDc andDG , and examine their pole mass d
pendences.

III. QUARK SELF-ENERGY

A. Lattice results

The one-loop diagram for the quark self-energy is sho
in Fig. 1, where external quarks have zero spatial mom
tum. Using the lattice Feynman rules in Sec. II we can wr
the one-loop contribution as

as

u0
3 S~1!~p4 ,mu ,r !5

as

u0
3 E

2p

p d4k

~2p!4 I c~k,p4 ,mu ,r !

~25!

with

I c~k,p4 ,mu ,r !54pCF(
r

vr~p41k/2,r !S~p41k,mu ,r !

3vr~p41k/2,r !D~k,l!, ~26!

FIG. 1. One-loop diagram for the quark self-energy.k is the
loop momentum andp is the external quark momentum.
7-3
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TABLE I. E(0) dependence ofE(1)latt
(E(0),r ), E8(1)latt

(E(0),r ), Dc(E(0),r ), andDc8 (E(0),r ). The Wilson

parameterr is chosen to be one. ForE(1)latt
andDc the error in the numerical integration is less than 2%. T

values forE8(1)latt
andDc8 are evaluated using Eqs.~42! and ~67!.

E(0)
E(1)latt

E8(1)latt Dc Dc8

0 0 0 26.9031022 21.37
0.001 4.9631023 6.2631023 26.8331022 21.37
0.01 3.3931022 4.6831022 28.3031022 21.37
0.1 1.8031021 3.0431021 21.5931021 21.33
0.2 2.6631021 5.0131021 22.0731021 21.27
0.5 3.9931021 9.1031021 22.8331021 21.07
1 5.1331021 1.33 22.9831021 27.7531021

2 6.6831021 1.79 22.4331021 24.1931021
n-
-

u

n
he
ar

a

s a
n

whereCF54/3 is the quadratic Casimir invariant for the fu
damental representation of SU~3! group. The one-loop self
energyS (1) consists of the kinetic and mass parts:

S~1!~p4 ,mu ,r !5 ig4 sin~p4!Sp
~1!~p4 ,mu ,r !

1Sm
~1!~p4 ,mu ,r !. ~27!

With this expression the inverse of the quark propagator
to the one-loop level is given by

S21~p4 ,mu ,r !

5u0H ig4 sin~p4!F12
as

u0
4 Sp

~1!~p4 ,mu ,r !G
1mu12r sin2~p4/2!2

as

u0
4 Sm

~1!~p4 ,mu ,r !J . ~28!

Since the quark mass is additively renormalized at the o
loop level due to the chiral symmetry breaking term in t
Wilson quark action, on-shell condition for massless qu
takes the formS21(p450,mu

c ,r )50. Here the critical quark
massmu

c measures the magnitude of the additive renorm
ization. It is determined by the integral equation

mu
c5

as

u0
4 Sm

~1!~p450,mu
c ,r ! ~29!

5
as

u0
4 E

2p

p d4k

~2p!4 4pCF

@mu
c12rD1#D6~r !1rD4

4D1$D41@mu
c12rD1#2%

,

~30!

where, following the notation of Ref.@7#,

D15(
a

sin2~ka/2!, ~31!

D45(
a

sin2~ka!, ~32!

D6~r !5~11r 2!D124. ~33!
03450
p

e-

k

l-

Usingmu
c we can transform Eq.~28! into the following form:

S21~p4 ,mu ,r !

5u0H ig4 sin~p4!F12
as

u0
4 Sp

~1!~p4 ,mu ,r !G
1mu2mu

c12r sin2~p4/2!2
as

u0
4 Sm

~1!~p4 ,mu ,r !

1
as

u0
4 Sm

~1!~p450,mu
c ,r !J . ~34!

Up to the one-loop level this expression is equivalent to

S21~p4 ,m̂u ,r !

5u0H ig4 sin~p4!F12
as

u0
4 Sp

~1!~p4 ,m̂u ,r !G
1m̂u12r sin2~p4/2!2

as

u0
4 Ŝm

~1!~p4 ,m̂u ,r !J , ~35!

FIG. 2. One-loop correction to the pole mass on the lattice a
function ofE(0). The Wilson parameterr is chosen to be one. Ope
symbol denotes the value atE(0)50.
7-4
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where

m̂u5mu2mu
c , ~36!

Ŝm
~1!~p4 ,m̂u ,r !5Sm

~1!~p4 ,m̂u ,r !2Sm
~1!~0,0,r !, ~37!

with mu
c5Sm

(1)(0,0,r ). We should note that, definingm̂u as
the bare quark mass, Eq.~35! satisfies the on-shell conditio
for massless quark up to the one-loop level. We consider
m̂u corresponds to the quark mass nonperturbatively de
mined from vanishing pion mass in Monte Carlo simulatio
In the following analysis we usem̂u as the bare quark mas

The pole massE is given by the pole of the quark propa
gator;S21(p45 iE,m̂u ,r )50. At the tree level the equatio
th
o

e

03450
at
r-
.

S21~p45 iE ~0!,m̂u ,r !

5u0$2g4 sinh~E~0!!1m̂u22r sinh2~E~0!/2!%50 ~38!

determines

E~0!5 lnUm̂u1r 1Am̂u
212rm̂u11

11r
U. ~39!

One-loop correction is obtained by finding the pole of t
quark propagator~35!. Defining the one-loop term by

E5E~0!1
as

u0
4 E~1!~E~0!,r !, ~40!

we find
tadpole
E~1!~E~0!,r !5
sinh~E~0!!Sp

~1!~p45 iE ~0!,m̂u ,r !2Ŝm
~1!~p45 iE ~0!,m̂u ,r !

cosh~E~0!!1r sinh~E~0!!
. ~41!

For later convenience we also present the expression of the one-loop correction to the pole mass including the
contribution, which is easily obtained from Eq.~35! with the aid of Eq.~22!:
al-
r

-

E8~1!~E~0!,r !5E~1!~E~0!,r !

2
sinh~E~0!!12r sinh2~E~0!/2!

cosh~E~0!!1r sinh~E~0!!
u0

~1! ,

~42!

whereu0
(1)521.2976(4) from Eq.~22!. In Table I numeri-

cal values ofE(1)(E(0),r ) evaluated withr 51 usingBASES

are given for representative values ofE(0). The numerical
accuracy is better than 2%. To show the magnitude of
tadpole contribution we also present in Table I the values
E8(1)(E(0),r ) obtained from Eq.~42!. Figure 2 illustrates the
E(0) dependence ofE(1).

The on-shell wave-function renormalization factor is d
fined as the residue of the quark propagator:

Zc
21~E,r !5

]S21~p4 ,m̂u ,r !

i ]~p4g4!
U

p4g45 iE

. ~43!

In terms of the expression~35! Zc
21 is written up to the

one-loop level as
e
f

-

Zc
21~E~0!,r !5u0@cosh~E!1r sinh~E!#

2
as

u0
3

]S~1!~p4 ,m̂u ,r !

i ]~p4g4! U
p4g45 iE~0!

, ~44!

whereE is given by Eq.~40! and

S~1!~p4 ,m̂u ,r !5 ig4 sin~p4!Sp
~1!~p4 ,m̂u ,r !

1Ŝm
~1!~p4 ,m̂u ,r !. ~45!

Even at the tree level the on-shell wave-function renorm
ization factor suffers from finitemqa corrections as is clea
from

Zc
~0!21

~E~0!,r !5u0@cosh~E~0!!1r sinh~E~0!!#. ~46!

Factorizing the tree level contribution we obtain the follow
ing expression:
Zc
21~E~0!,r !

Zc
~0!21

~E~0!,r !
511

as

u0
4

sinh~E~0!!1r cosh~E~0!!

cosh~E~0!!1r sinh~E~0!!
E~1!~E~0!,r !2

as

u0
4

1

cosh~E~0!!1r sinh~E~0!!

]S~1!~p4 ,m̂u ,r !

i ]~p4g4! U
p4g45 iE~0!

.

~47!
7-5
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Applying the power counting rule we note that the righ
hand side has an IR divergence forl→0 arising from the
third term. To extract the terms independent ofl we consider
subtracting from the integrand of the third term an analy
cally integrable expression which has the same IR beha
in the region of small loop momentumk:

1

cosh~E~0!!1r sinh~E~0!!

]S~1!~p4 ,m̂u ,r !

i ]~p4g4!
U

p4g45 iE~0!

5E
2p

p d4k

~2p!4

] Ĩ c~k,p4 ,E~0!!

i ]~p4g4! U
p4g45 iE~0!

1E
2p

p d4k

~2p!4

]

i ]~p4g4!

3F I c~k,p4 ,m̂u ,r !

cosh~E~0!!1r sinh~E~0!!

2 Ĩ c~k,p4 ,E~0!!GU
p4g45 iE~0!,l50

, ~48!

where the IR behavior of

]

i ]~p4g4!
Ĩ c~k,p4 ,E~0!!U

p4g45 iE~0!,l50

~49!

is the same as that of

]

i ]~p4g4!

I c~k,p4 ,m̂u ,r !

cosh~E~0!!1r sinh~E~0!!
U

p4g45 iE~0!,l50

.

~50!

In this expression the IR divergence is transferred to the
term, and in consequence the second term is finite. For
candidate ofĨ c we try the continuum counterpart of the in
tegrand I c /@cosh(E(0))1r sinh(E(0))# replacing vr(p4

1k/2,r ) by ṽr , S(p41k,mu ,r ) by S̃(p41k,E(0)) and
D(k,l) by D̃(k,l) in Eq. ~26!,

Ĩ c~k,p4 ,E~0!!5u~L22k2!4pCF

3(
r

ṽrS̃~p41k,E~0!!ṽrD̃~k,l!, ~51!

where the domain of integration is restricted to a hypersph
of radiusL, not exceedingp, for convenience of an analyti
cal integration. It is apparent that in the limit ofa→0 Eqs.
~49! and ~50! have the same IR behavior. At a finite lattic
spacing, however, the IR behaviors of the two integrands
different due to finitemqa corrections.

Let us examine the IR behaviors of the denominators
Eqs.~49! and ~50!, where we transfer the Dirac structure
the denominators of quark propagators to the numerat
For the continuum case we find
03450
-
or

st
he

re
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D̃21~k,l50!@S̃21~p41k,E~0!!S̃21
„2~p41k!,E~0!

…#2

5k2@ i2k4E~0!1k2#2 ~52!

with the use of the on-shell conditionp45 iE (0). For the
lattice case we expand the quark and gluon propaga
aroundk50, obtaining

@cosh~E~0!!1r sinh~E~0!!#D21~k,l50!

3$S21~p41k,m̂u ,r !S21
„2~p41k!,m̂u ,r …%2

5@cosh~E~0!!1r sinh~E~0!!#@k21O~k4!#

3$ i2k4 sinh~E~0!!@cosh~E~0!!1r sinh~E~0!!#

1k2
„11r sinh~E~0!!…

1k4
2 sinh~E~0!!@~22r 2!sinh~E~0!!

1r „cosh~E~0!!21…#1O~k3!%2, ~53!

where the on-shell condition of external quark is used. Wh
the two expressions above show a different IR behavior,
difference can be absorbed, aside from an overall factor
replacing the pole massE(0) in Eq. ~52! by

m̃5sinh~E~0!!
cosh~E~0!!1r sinh~E~0!!

11r sinh~E~0!!
. ~54!

Here, we do not take account of the last term in Eq.~53!
because it does not give leading order contributions either
the case ofk450 or of k4Þ0 for smallk. It is straightfor-
ward to check that the remaining overallmqa corrections of
the denominator are precisely canceled with those aris
from the numerator withk50.

Consequently we take for the integrandĨ c the following
expression:

Ĩ c~k,p4 ,m̃!5u~L22k2!4pCF

3(
r

ṽrS̃~p41k,m̃!ṽrD̃~k,l!. ~55!

A simple calculation gives

E
2p

p d4k

~2p!4

] Ĩ c~k,p4 ,m̃!

i ]~p4g4! U
p4g45 im̃

5
CF

4p H 22 lnUl2

L2U2 3L4

4m̃42
9L

2m̃2 AL214m̃2

1
3L

4m̃4 ~L214m̃2!3/226 lnUL1AL214m̃2

2m̃
UJ , ~56!

whose massless limit is
7-6
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lim
m̃→0

E
2p

p d4k

~2p!4

] Ĩ c~k,p4 ,m̃!

i ]~p4g4! U
p4g45 im̃

5
CF

4p H 2 lnUL2

m̃2U22 lnUl2

m̃2U2 9

2J , ~57!

wherel is assumed to be less thanm̃.

B. Continuum results

We turn to the calculation of the on-shell wave-functi
renormalization factor using the continuum NDR scheme
stead of the lattice regularization scheme. For the one-l
contribution to the quark self-energy shown in Fig. 1 t
continuum Feynman rules in Sec. II give the expression

asS
~1!~p,m!5asE

2`

` dDk

~2p!D 4pCF

3(
r

ṽrS̃~p1k,m!ṽrD̃~k,l!, ~58!

whereD is the reduced space-time dimension which is
rametrized bye as

D542e, e.0. ~59!

Since this dimensional reduction procedure prevents us f
taking zero spatial momentum for the external quark s
before the loop integration, we perform the calculation of
on-shell wave-function renormalization factor in a Euclide
invariant way.

Up to one-loop corrections the quark propagator takes
form

S̃21~p,m!5 ip”1m2asS
~1!~p,m!. ~60!

In terms of this expression the on-shell wave-function ren
malization factorZc

21 is written up to the one-loop level as

Zc
21~m!512as

]S~1!~p,m!

i ]p” U
p”5 im

. ~61!
03450
-
p

-

m
te
e

e

r-

At the tree level we find

Zc
~0!21

~m!51. ~62!

Performing the integration in an elementary way we obt
the one-loop correction

]S~1!~p,m!

i ]p” U
p”5 im

5
CF

4p F2S 2

e
2g1 lnu4pu D

2 lnUm2

m2U22 lnUl2

m2U24G , ~63!

where the pole term (2/e2g1 lnu4pu) should be eliminated
in theMS scheme. We note that this result is independen
the choice of spatial momenta for the external quark s
because of Euclidean invariance in the continuum theory

C. Relation between continuum and lattice wave-function
renormalization factors

Using the results for the lattice and continuum wav
function renormalization factors obtained in the previo
subsections, let us find the correction factor which conne
the two factors. From Eqs.~46! and ~62! the tree-level rela-
tion is

Zc
~0!cont

~m!5u0@cosh~E~0!!1r sinh~E~0!!#Zc
~0! latt

~E~0!,r !,
~64!

where we takem5E(0). Up to the one-loop level we obtain
the following expression:

Zc
cont~m!5u0@cosh~E~0!!1r sinh~E~0!!#

3@11asDc~E~0!,r !#Zc
latt~E~0!,r !, ~65!

where, from Eqs.~47! and ~61!,
s is
Dc~E~0!,r !5
]S~1!cont

~p,m!

i ]p”
U

p”5 im

1
sinh~E~0!!1r cosh~E~0!!

cosh~E~0!!1r sinh~E~0!!
E~1! latt

~E~0!,r !

2
1

cosh~E~0!!1r sinh~E~0!!

]S~1! latt
~p4 ,m̂u ,r !

i ]~p4g4!
U

p4g45 iE~0!

, ~66!

with m5E(0). From Eqs.~42!, ~65!, and~66! the tadpole contribution to the lattice wave-function renormalization factor
explicitly expressed as

Dc8 ~E~0!,r !5Dc~E~0!,r !1u0
~1!2

@sinh~E~0!!1r cosh~E~0!!#@sinh~E~0!!12r sinh2~E~0!/2!#

@cosh~E~0!!1r sinh~E~0!!#2 u0
~1! , ~67!
7-7
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where u0
(1)521.2976(4) from Eq.~22!. For the coupling

constant we can take eitheras
cont or as

latt/u0
4 because the dif-

ference is of orderas
2. From Eqs.~57! and ~63! we observe

that the IR singular terms in Eq.~66! for l→0 are precisely
canceled. We also note that the mass singularities occur
at E(0)→0 in individual terms of Eq.~66! also cancel, which
assures us thatDc(E(0),r ) is finite even in the massless limi

In Table I we present numerical values ofDc(E(0),r )
evaluated usingBASESwith an inaccuracy of less than 2% fo
representative values of the pole massE(0) for ther 51 case.
The values ofDc8 (E(0),r ) defined in Eq.~67! are also given
in Table I to demonstrate the magnitude of the tadpole c
tribution. Our result forDc8 evaluated atE(0)50 with r 51 is

Dc8 ~E~0!50,r 51!5Dc~E~0!50,r 51!1u0
~1!521.37, ~68!

which is consistent withDS1
/~3p! for r 51 in Ref. @10#

within the error in the numerical integration. The pole ma
dependence ofDc is shown in Fig. 3. We observe that th
mqa corrections give large contributions in the regionE(0)

*0.05.

FIG. 3. One-loop coefficient of the relation between the on-sh
wave-function renormalization factors on the lattice and in the c
tinuum with NDR scheme as a function ofE(0). The Wilson param-
eter r is chosen to be one. Open symbol denotes the value atE(0)

50.
03450
ng

-

s

IV. VERTEX FUNCTIONS

A. Lattice results

At the tree level the lattice vertex functions forG
5gm,gmg5 (m51,...,4) do notsuffer from mqa correc-
tions, which contrasts with the wave-function case. Up to
one-loop level the vertex functions are written in the follow
ing form:

LG~E1
~0! ,E2

~0! ,r !5G1
as

u0
4 LG

~1!~E1
~0! ,E2

~0! ,r !, ~69!

where E1
(0) and E2

(0) are the pole masses for the extern
quarks. The one-loop vertex correctionsLG

(1) for G
5g4 ,g ig5 and G5g i ,g4g5 ( i 51,2,3) are obtained by
evaluating the diagrams shown in Figs. 4~a! and 4~b!, respec-
tively, on condition that the external quark and antiquark
on-shell with zero spatial momentum.

We first consider the case ofG5g4 ,g ig5 for which ex-
ternal states are quarks. Using the lattice Feynman rule
Sec. II, the amplitude corresponding to Fig. 4~a! is expressed
as

as

u0
4 LG

~1!~E1
~0! ,E2

~0! ,r !5
as

u0
4 E

2p

p d4k

~2p!4 I G~k,E1
~0! ,E2

~0! ,r !,

~70!

with

ll
-

FIG. 4. One-loop diagrams for the vertex corrections.k is the
loop momentum andp is the incoming quark momentum.p8 de-
notes the outgoing quark momentum for~a! and the incoming anti-
quark momentum for~b!.
:

I G~k,E1
~0! ,E2

~0! ,r !54pCF(
r

vr~p481k/2,r !S~p481k,m̂2u ,r !GS~p41k,m̂1u ,r !vr~p41k/2,r !D~k,l!, ~71!

where E1
(0) and E2

(0) are expressed withm̂1u and m̂2u , respectively, as in Eq.~39!. The vertex correction~70! has IR
divergences forl→0 as can be seen by the power counting. Expanding Eq.~71! aroundk50 we extract the IR singular part

I g4
~k,E1

~0! ,E2
~0! ,r !/@4pCFD~k,l!S~p41k,m̂1u ,r !S„2~p41k!,m̂1u ,r …S~p481k,m̂2u ,r !S„2~p481k!,m̂2u ,r …#

5g4F2 sinh~E1
~0!!sinh~E2

~0!!H 32
11r 2

2
cosh~E1

~0!1E2
~0!!2

12r 2

2
cosh~E1

~0!2E2
~0!!2r sinh~E1

~0!1E2
~0!!J G

1F2 sinh~E1
~0!!sinh~E2

~0!!H 232
11r 2

2
cosh~E1

~0!1E2
~0!!2

12r 2

2
cosh~E1

~0!2E2
~0!!2r sinh~E1

~0!1E2
~0!!J G1O~k!, ~72!
7-8
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I g ig5
~k,E1

~0!E2
~0! ,r !/@4pCFD~k,l!S~p41k,m̂1u ,r !S„2~p41k!,m̂1u ,r …S~p481k,m̂2u ,r !S„2~p481k!,m̂2u ,r …#

5g ig5F2 sinh~E1
~0!!sinh~E2

~0!!H 212
11r 2

2
cosh~E1

~0!1E2
~0!!2

12r 2

2
cosh~E1

~0!2E2
~0!!2r sinh~E1

~0!1E2
~0!!J G

1g ig5g4F2 sinh~E1
~0!!sinh~E2

~0!!H 12
11r 2

2
cosh~E1

~0!1E2
~0!!2

12r 2

2
cosh~E1

~0!2E2
~0!!2r sinh~E1

~0!1E2
~0!!J G1O~k!,

~73!

where, from Eq.~53!,

D21~k,l!S21~p41k,m̂1u ,r !S21
„2~p41k!,m̂1u ,r …S21~p481k,m̂2u ,r !S21

„2~p481k!,m̂2u ,r …

5@k21l21O~k4!#$ i2k4 sinh~E1
~0!!@cosh~E1

~0!!1r sinh~E1
~0!!#1k2

„11r sinh~E1
~0!!…1O~k4

2!%

3$ i2k4 sinh~E2
~0!!@cosh~E2

~0!!1r sinh~E2
~0!!#1k2

„11r sinh~E2
~0!!…1O~k4

2!%, ~74!

with the use of the on-shell conditionsp45 iE1
(0) andp485 iE2

(0) . In order to extract the terms independent ofl we design to
subtract from the integrandI G(k,E1

(0) ,E2
(0) ,r ) an analytically integrable expressionĨ G which has the same IR behavior ne

k50:

LG
~1!~E1

~0! ,E2
~0! ,r !5E

2p

p d4k

~2p!4 Ĩ G~k,m̃1 ,m̃2!1E
2p

p d4k

~2p!4 @ I G~k,E1
~0! ,E2

~0! ,r !2 Ĩ G~k,m̃1 ,m̃2!#ul50 , ~75!

where the first term in the right hand side contains the IR divergence and the second one is IR finite. For the candidĨ G

we take

Ĩ G~k,m̃1 ,m̃2!5u~L22k2!4pCF(
r

ṽrS̃~p481k,m̃2!GS̃~p41k,m̃1!ṽrD̃~k,l!, ~76!

with

m̃1,25sinh~E1,2
~0!!

cosh~E1,2
~0!!1r sinh~E1,2

~0!!

11r sinh~E1,2
~0!!

~77!

as we did for the case of the on-shell wave-function renormalization factor in Sec. III. The IR behavior ofĨ G is shown by
expanding Eq.~76! aroundk50:

Ĩ g4
~k,m̃1 ,m̃2!/@4pCFD̃~k,l!S̃~p41k,m̃1!S̃„2~p41k!,m̃1…S̃~p481k,m̃2!S̃„2~p481k!,m̃2…#

5g4@4m̃1m̃2#1@28m̃1m̃2#1O~k!, ~78!

Ĩ g ig5
~k,m̃1 ,m̃2!/@4pCFD̃~k,l!S̃~p41k,m̃1!S̃„2~p41k!,m̃1…S̃~p481k,m̃2!S̃„2~p481k!,m̃2…#5g ig5@24m̃1m̃2#1O~k!,

~79!

where, from Eq.~52!,

D̃21~k,l!S̃21~p41k,m̃1!S̃21
„2~p41k!,m̃1…S̃

21~p481k,m̃2!S̃21
„2~p481k!,m̃2…5@k21l2#@ i2k4m̃11k2#@ i2k4m̃21k2#,

~80!
r

en
-o

xial
ra-

op-

e

with the use of the on-shell conditionsp45 im̃1 and p48
5 im̃2 .

Comparing Eq.~72! with Eq. ~78! we find that each term
proportional tog4 and 1 inI g4

shows different IR behavio

from that in Ĩ g4
at the finite lattice spacingaÞ0. This is not

due to the operator mixing between the local vector curr
and the local scalar density but ascribed to the lattice cut
03450
t
ff

effects, because it is known that the local vector and a
vector currents do not mix with other dimension three ope
tors for the Wilson quark action@10#. @In this paper we do
not consider the contributions of the higher dimensional
erators to the lattice vertex functions~69! as the operator
mixing.# Here it is noted that following our definition of th
renormalization constant in Eq.~14! we should combine the
7-9
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term proportional tog4 with that proportional to 1 inI g4
and

Ĩ g4
using the equations of motion for the external quarks

the lattice,

„ig4 sin~p4!1m̂1u12r sin2~p4/2!…u~p4!50, ~81!

ū~p48!„ig4 sin~p48!1m̂2u12r sin2~p48/2!…50, ~82!

and in the continuum

~ ig4p41m̃1!u~p4!50, ~83!

ū~p48!~ ig4p481m̃2!50, ~84!

whereu(p4) is the Dirac spinor for the incoming quark sta
andū(p48) that for the outgoing quark state. With this proc
03450
n

dure we find that the IR behaviors ofI g4
and Ĩ g4

are same,

which is expected from a point of view that the IR behav
should be independent of the ultraviolet regularizati
scheme. This is the case that we can match the vertex
rection for G5g4 on the lattice to that in the continuum
irrespective of the IR regularization scheme. ForG5g ig5

the combined contribution of the terms proportional tog ig5

andg ig5g4 in I g ig5
of Eq. ~73! with the aid of the equations

of motion for the external quarks~81! and~82! has the same
IR behavior withĨ g ig5

of Eq. ~79!.

In the expression~75! we have carried out the first inte
gral analytically and the second one numerically us
BASES. The analytical integrations ofĨ G(k,m̃1 ,m̃2) for G
5g4 ,g ig5 give the following results:
es for
E
2p

p d4k

~2p!4 Ĩ g4
~k,m̃1 ,m̃2!Y F CF

4pG
5g4F22 lnUl2

L2U1F S 1

m̃1
2 1

3

m̃1m̃2
D L2

2
1S 1

2m̃1
2m̃2

2 1
1

m̃1
3m̃2

D L4

4
1

m̃2

m̃12m̃2
H 24

AL214m̃1
2

L

1S 1

m̃1
2 1

2

m̃1m̃2
D L

2
AL214m̃1

21
L

4m̃1
3m̃2

~L214m̃1
2!3/21S 614

m̃1

m̃2
D lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G

1F4 lnUl2

L2U1F2S 2

m̃1
2 1

2

m̃1m̃2
D L2

2
1

m̃2

m̃12m̃2
H 8

AL214m̃1
2

L
2S 2

m̃1
2 1

2

m̃1m̃2
D L

2
AL214m̃1

2

2S 1214
m̃1

m̃2
D lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G

5g4F2 lnUl2

L2U1F2S 1

m̃1
22

1

m̃1m̃2
D L2

2
1S 1

2m̃1
2m̃2

2 1
1

m̃1
3m̃2

D L4

4

2
m̃2

m̃12m̃2
H 24

AL214m̃1
2

L
1

L

2m̃1
2 AL214m̃1

22
L

4m̃1
3m̃2

~L214m̃1
2!3/216 lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G

~85!

and

E
2p

p d4k

~2p!4 Ĩ g ig5
~k,m̃1 ,m̃2!Y F CF

4p G
5g ig5F2 lnUl2

L2U1F2S 1

m̃1
2 1

1

m̃1m̃2
D L2

2
2S 1

2m̃1
2m̃2

2 1
1

m̃1
3m̃2

D L4

12

2
m̃2

m̃12m̃2
H 24

AL214m̃1
2

L
1

L

2m̃1
2 AL214m̃1

21
L

12m̃1
3m̃2

~L214m̃1
2!3/216 lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G ,

~86!

where we use the equations of motion~83! and ~84! for the second expression in Eq.~85!. We remark that the above
expressions do not diverge in the limit ofm̃2→m̃1 . The results form̃15m̃2 are presented in the Appendix.

Let us turn to the second caseG5g i ,g4g5 for which a quark and an antiquark have to be chosen for the external stat
a nonvanishing matrix element. From Fig. 4~b! we obtain Eq.~70! with, however,
7-10
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I G~k,E1
~0! ,E2

~0! ,r !54pCF(
r

vr~2p481k/2,r !S~2p481k,m̂2u ,r !GS~p41k,m̂1u ,r !vr~p41k/2,r !D~k,l!. ~87!

Around k50 the integrand~87! behaves as

I g i
~k,E1

~0! ,E2
~0! ,r !/@4pCFD~k,l!S~p41k,m̂1u ,r !S„2~p41k!,m̂1u ,r …S~2p481k,m̂2u ,r !S„2~2p481k!,m̂2u ,r …#

5g iF2 sinh~E1
~0!!sinh~E2

~0!!H 11
11r 2

2
cosh~E1

~0!1E2
~0!!1

12r 2

2
cosh~E1

~0!2E2
~0!!1r sinh~E1

~0!1E2
~0!!J G

1g ig4F2 sinh~E1
~0!!sinh~E2

~0!!H 211
11r 2

2
cosh~E1

~0!1E2
~0!!1

12r 2

2
cosh~E1

~0!2E2
~0!!1r sinh~E1

~0!1E2
~0!!J G1O~k!,

~88!

I g4g5
~k,E1

~0! ,E2
~0! ,r !/@4pCFD~k,l!S~p41k,m̂1u ,r !S„2~p41k!,m̂1u ,r …S~2p481k,m̂2u ,r !S„2~2p481k!,m̂2u ,r …#

5g4g5F2 sinh~E1
~0!!sinh~E2

~0!!H 231
11r 2

2
cosh~E1

~0!1E2
~0!!1

12r 2

2
cosh~E1

~0!2E2
~0!!1r sinh~E1

~0!1E2
~0!!J G

1g5F2 sinh~E1
~0!!sinh~E2

~0!!H 232
11r 2

2
cosh~E1

~0!1E2
~0!!2

12r 2

2
cosh~E1

~0!2E2
~0!!2r sinh~E1

~0!1E2
~0!!J G1O~k!,

~89!

where

D21~k,l!S21~p41k,m̂1u ,r !S21
„2~p41k!,m̂1u ,r …S21~2p481k,m̂2u ,r !S21

„2~2p481k!,m̂2u ,r …

5@k21l21O~k4!#$ i2k4 sinh~E1
~0!!@cosh~E1

~0!!1r sinh~E1
~0!!#1k2

„11r sinh~E1
~0!!…1O~k4

2!%

3$2 i2k4 sinh~E2
~0!!@cosh~E2

~0!!1r sinh~E2
~0!!#1k2

„11r sinh~E2
~0!!…1O~k4

2!%, ~90!

with the use of the on-shell conditionsp45 iE1
(0) andp485 iE2

(0) .
We introduce a countertermĨ G(k,m̃1 ,m̃2) to regularize the IR singularity of the integrandI G in the vertex correction,

Ĩ G~k,m̃1 ,m̃2!5u~L22k2!4pCF(
r

ṽrS̃~2p481k,m̃2!GS̃~p41k,m̃1!ṽrD̃~k,l! ~91!

with m̃1,2 defined in Eq.~77!. The IR behavior ofĨ G is

Ĩ g i
~k,m̃1 ,m̃2!/@4pCFD̃~k,l!S̃~p41k,m̃1!S̃„2~p41k!,m̃1…S̃~2p481k,m̃2!S̃„2~2p481k!,m̃2…#5g i@4m̃1m̃2#1O~k!,

~92!

Ĩ g4g5
~k,m̃1 ,m̃2!/@4pCFD̃~k,l!S̃~p41k,m̃1!S̃„2~p41k!,m̃1…S̃~2p481k,m̃2!S̃„2~2p481k!,m̃2…#

5g4g5@24m̃1m̃2#1g5@28m̃1m̃2#1O~k!, ~93!

where

D̃21~k,l!S̃21~p41k,m̃1!S̃21
„2~p41k!,m̃1…S̃

21~2p481k,m̃2!S̃21
„2~2p481k!,m̃2…

5@k21l2#@ i2k4m̃11k2#@2 i2k4m̃21k2#, ~94!

with the use of the on-shell conditionsp45 im̃1 andp485 im̃2 .
As we did in the case of the vertex corrections forG5g4 ,g ig5 , we make a one-loop matching of the vertex corrections

G5g i ,g4g5 on the lattice to those in the continuum with the aid of the equations of motion for the external quar
antiquark states on the lattice

„ig4 sin~p4!1m̂1u12r sin2~p4/2!…u~p4!50, ~95!

v̄~p48!„2 ig4 sin~p48!1m̂2u12r sin2~p48/2!…50, ~96!
034507-11
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and in the continuum

~ ig4p41m̃1!u~p4!50, ~97!

v̄~p48!~2 ig4p481m̃2!50, ~98!

whereu(p4) is the Dirac spinor for the incoming quark state andv̄(p48) is that for the incoming antiquark state.
Using Ĩ G(k,m̃1 ,m̃2) of Eq. ~91! we can decompose the vertex correctionLG

(1)(E1
(0) ,E2

(0) ,r ) into an IR divergent part and
a finite one as in Eq.~75!. The IR divergence residing in Eq.~91! is calculated analytically. The finite term is evaluated w
numerical integration with the aid ofBASES. The results of an analytical integration of Eq.~91! for G5g i ,g4g5 are as follows:

E
2p

p d4k

~2p!4 Ĩ g i
~k,m̃1 ,m̃2!Y F CF

4pG
5g iF2 lnUl2

L2U18
p

l

m̃1m̃2

m̃11m̃2
1F2S 1

m̃1
22

1

m̃1m̃2
D L2

2
2S 1

2m̃1
2m̃2

22
1

m̃1
3m̃2

D L4

12

1
m̃2

m̃11m̃2
H 24

AL214m̃1
2

L
1

L

2m̃1
2 AL214m̃1

22
L

12m̃1
3m̃2

~L214m̃1
2!3/216 lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G

~99!

and

E
2p

p d4k

~2p!4 Ĩ g4g5
~k,m̃1 ,m̃2!Y F CF

4pG
52g4g5F2 lnUl2

L2U18
p

l

m̃1m̃2

m̃11m̃2
1F2S 1

m̃1
22

3

m̃1m̃2
D L2

2
1S 2

1

2m̃1
2m̃2

2 1
1

m̃1
3m̃2

D L4

4

1
m̃2

m̃11m̃2
H 24

AL214m̃1
2

L
1S 1

m̃1
22

2

m̃1m̃2
D L

2
AL214m̃1

22
L

4m̃1
3m̃2

~L214m̃1
2!3/2

1S 624
m̃1

m̃2
D lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G

2g5F4 lnUl2

L2U116
p

l

m̃1m̃2

m̃11m̃2
1F2S 2

m̃1
22

2

m̃1m̃2
D L2

2

1
m̃2

m̃11m̃2
H 28

AL214m̃1
2

L
1S 2

m̃1
22

2

m̃1m̃2
D L

2
AL214m̃1

21S 1224
m̃1

m̃2
D lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G

5g4g5F2 lnUl2

L2U18
p

l

m̃1m̃2

m̃11m̃2
1F2S 1

m̃1
2 1

1

m̃1m̃2
D L2

2
1S 1

2m̃1
2m̃2

22
1

m̃1
3m̃2

D L4

4

1
m̃2

m̃11m̃2
H 24

AL214m̃1
2

L
1

L

2m̃1
2 AL214m̃1

21
L

4m̃1
3m̃2

~L214m̃1
2!3/216 lnUL1AL214m̃1

2

2m̃1
UJ 1~m̃1↔m̃2!G G ,

~100!

where we use the equations of motion~97! and ~98! for the second expression in Eq.~100!. The expressions in the limit o
m̃2→m̃1 are listed in the Appendix.
e
s-

nti-
te-

and
B. Continuum results

We repeat the calculations of the vertex functions forG
5gm ,gmg5 (m51,...,4) in the continuum NDR scheme. Th
vertex functions up to the one-loop level are written as

LG~m1 ,m2!5G1asLG
~1!~m1 ,m2!. ~101!
03450
The one-loop contributionsLG
(1) for G5g4 ,g ig5 and

G5g i ,g4g5 ( i 51,2,3) are represented in Figs. 4~a! and
4~b!, respectively. We perform the loop integrations impo
ing the on-shell conditions on the external quark and a
quark states in a Euclidean invariant way, and after the in
grations set the spatial momenta of the external quark
antiquark equal to zero.
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TABLE II. ~a! Dg i
(E1

(0) ,E2
(0) ,r ) and~b! Dg4

(E1
(0) ,E2

(0) ,r ) for combinations ofE1
(0) andE2

(0) . The Wilson parameterr is chosen to be
one. The error in the numerical integration is less than 2%.

~a! Dg i
( i 51,2,3)

E1
(0)

E2
(0) 0 0.001 0.01 0.1 0.2 0.5 1 2

0 28.2931021

0.001 28.3031021 28.3131021

0.01 28.4331021 28.4431021 28.5831021

0.1 29.1831021 29.1131021 29.2831021 29.9431021

0.2 29.7131021 29.6631021 29.8231021 21.04 21.08
0.5 21.08 21.07 21.09 21.14 21.16 21.19
1 21.18 21.18 21.20 21.27 21.31 21.31 21.31
2 21.32 21.32 21.35 21.46 21.54 21.69 21.77 22.12

~b! Dg4

E1
(0)

E2
(0) 0 0.001 0.01 0.1 0.2 0.5 1 2

0 28.1931021

0.001 28.2431021 28.1931021

0.01 28.1331021 28.1131021 28.0631021

0.1 27.3131021 27.3331021 27.3031021 26.9231021

0.2 26.5031021 26.5531021 26.5331021 26.3831021 26.0331021

0.5 24.5731021 24.5131021 24.6231021 24.8131021 24.7431021 24.0031021

1 22.1931021 22.1631021 22.1831021 22.5531021 22.6931021 22.4831021 21.7531021

2 17.4031022 17.2031022 16.9631022 13.5831022 19.0331023 22.7331022 22.3131022 13.2031022
s

m

te
g

For the case ofG5g4 ,g ig5 the continuum Feynman rule
in Sec. II give the following expressions for Fig. 4~a!:

asLG
~1!~m1 ,m2!

5asE
2`

` dDk

~2p!D 4pCF(
r

ṽrS̃~p81k,m2!

3GS̃~p1k,m1!ṽrD̃~k,l!, ~102!

whereD is the space-time dimension which is reduced fro
four by e to regularize ultraviolet divergences andG is de-
fined asgm or gmg5 for m51,2,...,D. The on-shell condi-
tions for the external quarks are written as

~ ip”1m1!u~p!50, ~103!

ū~p8!~ ip” 81m2!50, ~104!

whereu(p) is the Dirac spinor for an incoming quark sta
and ū(p8) is one for an outgoing quark state. After carryin
out the integration in Eq.~102! we take gm5g4 , gmg5
5g ig5 , p5(0,0,0,im1), andp85(0,0,0,im2). The final re-
sults are given by

Lg4

~1!~m1 ,m2!Y F CF

4pG
5g4F S 2

e
2g1 lnu4pu D1 lnU m2

m1m2
U

03450
22 lnU l2

m1m2
U25

m11m2

m12m2
lnUm1

m2
U16G

1F4 lnU l2

m1m2
U18

m11m2

m12m2
lnUm1

m2
U28G

5g4F S 2

e
2g1 lnu4pu D1 lnU m2

m1m2
U

12 lnU l2

m1m2
U13

m11m2

m12m2
lnUm1

m2
U22G ~105!

and

Lg ig5

~1! ~m1 ,m2!Y F CF

4pG
5g ig5F S 2

e
2g1 lnu4pu D1 lnU m2

m1m2
U

12 lnU l2

m1m2
U13

m11m2

m12m2
lnUm1

m2
U24G , ~106!

where the pole term (2/e2g1 lnu4pu) should be eliminated
in the MS scheme. The second expression in Eq.~105! is
obtained using the equations of motion~103! and~104!. The
expressions of~105! and ~106! for the case ofm2→m1 are
given in the Appendix.

Another case isG5g i ,g4g5 . The one-loop diagram
shown in Fig. 4~b! is written as
7-13
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asLG
~1!~m1 ,m2!

5asE
2`

` dDk

~2p!D 4pCF(
r

ṽrS̃~2p81k,m2!

3GS̃~p1k,m1!ṽrD̃~k,l!, ~107!

where the external quark and antiquark are on-shell
te

th

03450
~ ip”1m1!u~p!50, ~108!

v̄~p8!~2 ip” 81m2!50, ~109!

with v̄(p8) the Dirac spinor for an outgoing antiquark stat
Performing the integration we obtain
Lg i

~1!~m1 ,m2!Y F CF

4p G5g iF S 2

e
2g1 lnu4pu D1 lnU m2

m1m2
U12 lnU l2

m1m2
U18

p

l

m1m2

m11m2
13

m12m2

m11m2
lnUm1

m2
U24G

~110!

and

Lg4g5

~1! ~m1 ,m2!Y F CF

4pG5g4g5F S 2

e
2g1 lnu4pu D1 lnU m2

m1m2
U22 lnU l2

m1m2
U28

p

l

m1m2

m11m2
25

m12m2

m11m2
lnUm1

m2
U16G

1g5F24 lnU l2

m1m2
U216

p

l

m1m2

m11m2
28

m12m2

m11m2
lnUm1

m2
U18G ,

5g4g5F S 2

e
2g1 lnu4pu D1 lnU m2

m1m2
U12 lnU l2

m1m2
U18

p

l

m1m2

m11m2
13

m12m2

m11m2
lnUm1

m2
U22G ,

~111!

where the pole term (2/e2g1 lnu4pu) should be eliminated in theMS scheme. We use the equations of motion~108! and~109!
for the second expression in~111!.
n
to

re
ole
FIG. 5. One-loop coefficients of the relation between the ver
corrections forgm on the lattice and in the continuum with NDR
scheme.~a! is for the case ofE1

(0)5E2
(0) and ~b! for E1

(0)50. The
Wilson parameterr is chosen to be one. Open symbols denote
values atE2

(0)50.
C. Relation between continuum and lattice vertex functions

From Eqs.~69! and ~101! we obtain the relation betwee
the lattice vertex corrections and the continuum ones up
the one-loop level

LG
cont~m1 ,m2!5@11asDG~E1

~0! ,E2
~0! ,r !#

3LG
latt~E1

~0! ,E2
~0! ,r !, ~112!

with

DG~E1
~0! ,E2

~0! ,r !5LG
~1!cont

~m1 ,m2!2LG
~1! latt

~E1
~0! ,E2

~0! ,r !,
~113!

where we takem15E1
(0) andm25E2

(0) . In the Appendix we

list the expression forLG
(1)cont

and LG
(1)latt

in the limit E1
(0)

5E2
(0)→0 or E1

(0)→0. They show thatLG
(1)latt

and LG
(1)cont

have the same singular structures forl→0, E1
(0)5E2

(0)→0,
or E1

(0)→0 where we assumel,E1
(0) ,E2

(0) . ThusDG in Eq.
~113! is IR finite, and also finite in the limit ofE1

(0)5E2
(0)

→0 or E1
(0)→0.

Numerical values ofDG(E1
(0) ,E2

(0) ,r ) for G5gm evalu-
ated usingBASES with an accuracy of better than 2% a
tabulated in Table II for representative values of the p
massesE1

(0) andE2
(0) for the r 51 case. Our results forDg i

x

e
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TABLE III. ~a! Dg ig5
(E1

(0) ,E2
(0) ,r ) and~b! Dg4g5

(E1
(0) ,E2

(0) ,r ) for combinations ofE1
(0) andE2

(2) . The Wilson parameterr is chosen to
be one. The error in the numerical integration is less than 2%.

~a! Dg ig5
( i 51,2,3)

E1
(0)

E2
(0) 0 0.001 0.01 0.1 0.2 0.5 1 2

0 23.1331021

0.001 23.1431021 23.1231021

0.01 23.0831021 23.0531021 22.9931021

0.1 22.7131021 22.6231021 22.6631021 22.4431021

0.2 22.4331021 22.3331021 22.4031021 22.2731021 22.1731021

0.5 21.9131021 21.8531021 21.8331021 21.8831021 21.9031021 21.8831021

1 21.3131021 21.2531021 21.2431021 21.3131021 21.4331021 21.5831021 21.4931021

2 22.8731022 23.0031022 23.0431022 24.9431022 26.6631022 21.0431021 21.2431021 21.2131021

~b! Dg4g5

E1
(0)

E2
(0) 0 0.001 0.01 0.1 0.2 0.5 1 2

0 23.1531021

0.001 23.1531021 23.1431021

0.01 23.0931021 23.0631021 23.0331021

0.1 22.9031021 22.8331021 22.8231021 22.6131021

0.2 22.8831021 22.7831021 22.8231021 22.6031021 22.5331021

0.5 23.3631021 23.2631021 23.3631021 23.2531021 23.1031021 23.1331021

1 24.8331021 24.7431021 24.8931021 25.1531021 25.2131021 24.9931021 25.4631021

2 28.1631021 28.2031021 28.3831021 29.2731021 21.00 21.12 21.20 21.61
-

.

t

r

t

de
of
ts

tex

the
andDg4
at E1

(0)5E2
(0)50 are consistent withDgm

/(3p) for

r 51 in Ref. @10# within the error in the numerical integra
tion. Figure 5~a! shows theE2

(0) dependence ofDg i
andDg4

for the case ofE1
(0)5E2

(0) , and Fig. 5~b! is the same as Fig
5~a! for E1

(0)50. For both cases we observe thatDg i
andDg4

are roughly consistent in the regionE2
(0)&0.01, while asE2

(0)

becomes larger the absolute value forDg i
increases and tha

for Dg4
decreases, indicating largemqa corrections.

Numerical data ofDG(E1
(0) ,E2

(0) ,r ) for G5gmg5 are
listed in Table III. The values ofDg ig5

and Dg4g5
at E1

(0)

5E2
(0)50 show an agreement withDgmg5

/(3p) for r 51 in
Ref. @10# within the error in the numerical integration. Ou
results forDg ig5

and Dg4g5
are plotted in Fig. 6~a! for the

case ofE1
(0)5E2

(0) and in Fig. 6~b! for E1
(0)50. We observe

thatDg ig5
andDg4g5

show anE2
(0) dependence similar to tha

for Dg4
andDg i

, respectively.

V. RENORMALIZATION FACTORS FOR VECTOR
AND AXIAL VECTOR CURRENTS

Since we have completed the calculations ofDc andDG

(G5gm ,gmg5) we are now ready to discuss the magnitu
of finite mqa corrections in the one-loop contributions
renormalization factors for vector and axial vector curren
03450
.

FIG. 6. One-loop coefficients of the relation between the ver
corrections forgmg5 on the lattice and in the continuum with NDR
scheme.~a! is for the case ofE1

(0)5E2
(0) and ~b! for E1

(0)50. The
Wilson parameterr is chosen to be one. Open symbols denote
values atE2

(0)50.
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Combining the results forDc and DG we obtain values of
DVm

andDAm
defined in Eqs.~23! and ~24!.

We show the results forDVm
(E1

(0) ,E2
(0) ,r ) in Fig. 7~a! for

E1
(0)5E2

(0) and in Fig. 7~b! for E1
(0)50 for ther 51 case. For

both cases the values ofDVi
are close to those ofDV4

below

FIG. 7. One-loop coefficients of the renormalization factors
vector currents.~a! is for the case ofE1

(0)5E2
(0) and ~b! for E1

(0)

50. The Wilson parameterr is chosen to be one. Open symbo
denote the values atE2

(0)50.

FIG. 8. One-loop coefficients of the renormalization factors
axial vector currents.~a! is for the case ofE1

(0)5E2
(0) and ~b! for

E1
(0)50. The Wilson parameterr is chosen to be one. Open sym

bols denote the values atE2
(0)50.
03450
E2
(0)&0.01, beyond whichDV4

decreases in magnitude

whereasDVi
increases. In the heavy quark mass regionE2

(0)

'O(1 – 2), where currentb-quark simulations are per
formed, the values ofDVi

and DV4
deviate by about 100%

from those atE2
(0)50.

For the axial vector current the results fo
DAm

(E1
(0) ,E2

(0) ,r ) are plotted in Fig. 8~a! for E1
(0)5E2

(0) and

in Fig. 8~b! for E1
(0)50, again for ther 51 case. We observe

that the characteristic features for theE2
(0) dependence of

DAm
are similar to those ofDVm

, whereDAi
corresponds to

DV4
and DA4

to DVi
. We note thatDAi

and DA4
also suffer

from a 100% mqa correction in the heavy quark regio
E2

(0)'O(1 – 2).

VI. LARGE QUARK MASS LIMIT
OF THE RENORMALIZATION FACTOR

FOR HEAVY-LIGHT AXIAL VECTOR CURRENT

It is instructive to examine the quark mass dependenc
the renormalization factors in the heavy quark region tow

r

r
FIG. 9. E2

(0) dependence ofE28
(1)latt

(E2
(0) ,r ) for the Wilson

quark action and the NRQCD@13#. The Wilson parameterr is
chosen to be one. Dotted line denotes the static result in Ref.@11#.

TABLE IV. E2
(0) dependence ofE28

(1)latt
(E2

(0) ,r ), Dc8 (E2
(0) ,r )

22/p lnuE2
(0)u andDg4g5

(E1
(0)50, E2

(0) ,r ). The Wilson parameterr
is chosen to be one. The error in the numerical integration is
than 2%.

E2
(0)

E28
(1)latt

Dc822/p lnuE2
(0)u Dg4g5

1.0 1.33 27.7531021 24.8331021

1.4 1.53 28.2631021 26.2131021

1.8 1.70 28.5231021 27.5531021

2.2 1.81 28.8131021 28.7431021

2.6 1.90 28.7631021 29.7831021

3.0 1.96 28.8231021 21.06
4.0 2.07 28.8531021 21.17
5.0 2.13 29.1231021 21.20

` @11# 2.117 29.0531021 21.239
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the static limit comparing with the previous results for t
static effective theory@11,12# and the nonrelativistic QCD
~NRQCD! @13,14#. In the static case there exists only th
calculation of the renormalization factor for the fourth com
ponent of the static-light axial vector current using a sta
heavy quark and a massless Wilson quark@11,12#. Thus in
this section we consider the renormalization factor of
heavy-light axial vector current. It is expected that our W
son results should agree with the static ones in the la
quark mass limit.

In Table IV we present numerical values fo

E28
(1)latt

(E2
(0) ,r ), Dc8 (E2

(0) ,r )22/p lnuE2
(0)u and Dg4g5

(E1
(0)

50,E2
(0) ,r ) evaluated withr 51 for representative values o

E2
(0) , where the divergent part for the heavy quark mass li

E2
(0)→` in Dc is subtracted as before. For the values

FIG. 10. E2
(0) dependence ofDc8 (E2

(0) ,r )22/p lnuE2
(0)u for the

Wilson quark action and the NRQCD@13#. The Wilson parameterr
is chosen to be one. Dotted line denotes the static result in Ref.@11#.

FIG. 11. E2
(0) dependence ofDg4g5

(E1
(0)50,E2

(0) ,r ) for the Wil-
son quark action and the NRQCD@13#. The Wilson parameterr is
chosen to be one. Dotted line denotes the static result in Ref.@11#.
03450
c

e

e

it
t

E2
(0)5` we quote the results in Ref.@11#. Since the static

results for the one-loop correction to the pole mass and
to the wave-function renormalization factor in Ref.@11# con-
tain the tadpole contributions, we present our results

E28
(1)latt

defined in Eq.~42! andDc8 in Eq. ~67!.
Figures 9, 10, and 11 show theE2

(0) dependence of

E28
(1)latt

, Dc822/p lnuE2
(0)u, andDg4g5

, respectively. For com-
parison we also plot the results for the NRQCD@13#, where
we use the following correspondences between our notat
and theirs:

E28
~1! latt
↔24paAlatt, ~114!

Dc822/p lnuE2
~0!u↔2

4

3p
24pZh

latt , ~115!

Dg4g5
↔

1

3p
24pVg4g5

latt , ~116!

with E2
(0) the continuum bare quark mass in common b

tween our Wilson results and the NRQCD ones. We obse
that our results become roughly consistent with the st
limits around E2

(0)'5, while the NRQCD results becom
closer to the static limits rather slowly having larger valu
in magnitude than our results. It is a reasonable feature
the NRQCD results deviate from our Wilson ones toward
lighter quark masses, since the NRQCD is well-defined o
in the heavy quark mass region. In terms ofDc8 (E1

(0)50,r )
521.37 in Eq. ~68!, Dc8 (E2

(0) ,r )22/p lnuE2
(0)u, and

Dg4g5
(E1

(0)50,E2
(0) ,r ) we construct DA4

8 (E1
(0)50,E2

(0) ,r )

21/p lnuE2
(0)u following Eq. ~24!, whoseE2

(0) dependence is
given in Fig. 12. Both results for the Wilson quark action a

FIG. 12. E2
(0) dependence ofDA4

8 (E1
(0)50,E2

(0) ,r )21/p lnuE2
(0)u

for the Wilson quark action and the NRQCD@13#. The Wilson
parameterr is chosen to be one. Dotted line denotes the static re
in Ref. @11#.
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the NRQCD show a smooth approach to the static lim
while the latter has larger absolute values than the for
over E2

(0)*1.

VII. CONCLUSIONS AND DISCUSSION

In this paper we have calculated the one-loop contri
tions for the renormalization factors of the vector and ax
vector currents including finite quark mass corrections us
the Wilson quark action. We have demonstrated that the o
loop contributions suffer from a very large correction
O(100%) for the heavy quark masses of order unity in l
tice units, which corresponds to the situation of curre
b-quark simulations. This fact tells us that themqa correc-
tions should be incorporated even at the one-loop level
the renormalization factors of the weak operators contain
theb quarks in current numerical simulations using the W
son quark action. We have also checked that the one-
contributions for the renormalization factor of the heav
light axial vector current show an agreement with the sta
results toward the heavy quark mass limit.

In this work our investigation has been concentrated
the Wilson quark action, which is the most naive, uni
proved, quark action on the lattice. We wonder how large
mqa corrections are for improved quark actions at the o
e m

03450
t,
er

-
l
g
e-

-
t

r
g

op
-
c

n
-
e
-

loop level. This point should be examined through a cal
lation similar to ours including finite quark mass contrib
tions, which we leave for future investigations.
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APPENDIX

In this appendix we present expressions of the continu
one-loop vertex corrections and the integrals of the coun
terms introduced to regularize the IR divergence of the o
loop lattice vertex corrections for some specified cases of
pole masses.

We first list expressions of the continuum vertex corre
tions LG

(1)(m1 ,m2) (G5gm ,gmg5) for the case ofm2→m1

and m1→0 with the assumptionl,m1 ,m2 . From Eqs.
~105!, ~106!, ~110!, and~111! we find that the vertex correc
tions are written in the following forms:
lim
m2→m1

Lg i

~1!~m1 ,m2!Y F CF

4pG5g iF S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U12 lnUl2

m1
2U14

pm1

l
24G , ~A1!

lim
m2→m1

Lg4

~1!~m1 ,m2!Y F CF

4pG5g4F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U22 lnUl2

m1
2U24G1F4 lnUl2

m1
2U18G

5g4F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U12 lnUl2

m1
2U14G , ~A2!

lim
m2→m1

Lg ig5

~1! ~m1 ,m2!Y F CF

4pG5g ig5F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U12 lnUl2

m1
2U12G , ~A3!

lim
m2→m1

Lg4g5

~1! ~m1 ,m2!Y F CF

4pG5g4g5F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U22 lnUl2

m1
2U24

pm1

l
16G1g5F24 lnUl2

m1
2U28

pm1

l
18G

5g4g5F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U12 lnUl2

m1
2U14

pm1

l
22G ~A4!

and

lim
m1→0

Lg i

~1!~m1 ,m2!Y F CF

4pG5g iF S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U12 lnUl2

m1
2U18

p

l

m1m2

m11m2
24G , ~A5!

lim
m1→0

Lg4

~1!~m1 ,m2!Y F CF

4p G5g4F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U22 lnUl2

m1
2U14 lnUm1

m2
U16G1F4 lnUl2

m1
2U24 lnUm1

m2
U28G

5g4F S 2
2g1 lnu4pu D1 lnUm2

2U12 lnUl2

2U22G , ~A6!

1 m1
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lim
m1→0

Lg ig5

~1! ~m1 ,m2!Y F CF

4p G5g ig5F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U12 lnUl2

m1
2U24G , ~A7!

lim
m1→0

Lg4g5

~1! ~m1 ,m2!Y F CF

4pG5g4g5F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U22 lnUl2

m1
2U14 lnUm1

m2
U28

p

l

m1m2

m11m2
16G

1g5F24 lnUl2

m1
2U14 lnUm1

m2
U216

p

l

m1m2

m11m2
18G

5g4g5F S 2

e
2g1 lnu4pu D1 lnUm2

m1
2U12 lnUl2

m1
2U18

p

l

m1m2

m11m2
22G , ~A8!

where the second expressions in Eqs.~A2! and~A6! are obtained using the equations of motion for the external quarks~103!
and ~104!, and those in Eqs.~A4! and ~A8! are with the equations of motion for the external quark and antiquark~108! and
~109!.

We also enumerate expressions of the integrals of the counterterms to the lattice vertex corr
*2p

p d4k/(2p)4Ĩ G(k,m̃1 ,m̃2) (G5gm ,gmg5) for the case ofm̃2→m̃1 andm̃1→0 with the assumptionl,m̃1 ,m̃2 . From Eqs.
~85!, ~86!, ~99!, and~100! we obtain the following expressions:

lim
m̃2→m̃1

E
2p

p d4k

~2p!4 Ĩ g i
~k,m̃1 ,m̃2!Y F CF

4pG5g iF2 lnUl2

L2U16 lnUL1AL214m̃1
2

2m̃1
U14Fpm̃1

l
2

AL214m̃1
2

L
G

1
1

12 FL4

m̃1
42

L

m̃1
4 ~L214m̃1

2!3/2G1
1

2

L

m̃1
2 AL214m̃1

2G , ~A9!

lim
m̃2→m̃1

E
2p

p d4k

~2p!4 Ĩ g4
~k,m̃1 ,m̃2!Y F CF

4pG5g4F22 lnUl2

L2U22 lnUL1AL214m̃1
2

2m̃1
U

14
L2

m̃1
2 1

3

4 FL4

m̃1
42

L

m̃1
4 ~L214m̃1

2!3/2G1
1

2

L

m̃1
2 AL214m̃1

2G
1F4 lnUl2

L2U18 lnUL1AL214m̃1
2

2m̃1
U24

L2

m̃1
2 14

L

m̃1
2 AL214m̃1

2G
5g4F2 lnUl2

L2U16 lnUL1AL214m̃1
2

2m̃1
U

1
3

4 FL4

m̃1
42

L

m̃1
4 ~L214m̃1

2!3/2G1
9

2

L

m̃1
2 AL214m̃1

2G , ~A10!

lim
m̃2→m̃1

E
2p

p d4k

~2p!4 Ĩ g ig5
~k,m̃1 ,m̃2!Y F CF

4p G5g ig5F2 lnUl2

L2U16 lnUL1AL214m̃1
2

2m̃1
U

22
L2

m̃1
22

1

4 FL4

m̃1
42

L

m̃1
4 ~L214m̃1

2!3/2G1
1

2

L

m̃1
2 AL214m̃1

2G , ~A11!
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lim
m̃2→m̃1

E
2p

p d4k

~2p!4 Ĩ g4g5
~k,m̃1 ,m̃2!Y F CF

4pG52g4g5F2 lnUl2

L2U12 lnUL1AL214m̃1
2

2m̃1
U14Fpm̃1

l
2

AL214m̃1
2

L
G12

L2

m̃1
2

1
1

4 FL4

m̃1
42

L

m̃1
4 ~L214m̃1

2!3/2G2
1

2

L

m̃1
2 AL214m̃1

2G
2g5F4 lnUl2

L2U18 lnUL1AL214m̃1
2

2m̃1
U18Fpm̃1

l
2

AL214m̃1
2

L
G G

5g4g5F2 lnUl2

L2U16 lnUL1AL214m̃1
2

2m̃1
U14Fpm̃1

l
2

AL214m̃1
2

L
G22

L2

m̃1
2

2
1

4 FL4

m̃1
42

L

m̃1
4 ~L214m̃1

2!3/2G1
1

2

L

m̃1
2 AL214m̃1

2G , ~A12!

whose massless limits are

lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g i
~k,m̃1 ,m̃1!Y F CF

4pG5g iF lnUL2

m̃1
2U12 lnUl2

m̃1
2U14

pm̃1

l
2

7

2G , ~A13!

lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g4
~k,m̃1 ,m̃1!Y F CF

4pG5g4F lnUL2

m̃1
2U22 lnUl2

m̃1
2U2 7

2G1F4 lnUl2

m̃1
2U18G5g4F lnUL2

m̃1
2U12 lnUl2

m̃1
2U1 9

2G ,
~A14!

lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g ig5
~k,m̃1 ,m̃1!Y F CF

4p G5g ig5F lnUL2

m̃1
2U12 lnUl2

m̃1
2U1 5

2G , ~A15!

lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g4g5
~k,m̃1 ,m̃1!Y F CF

4p G5g4g5F lnUL2

m̃1
2U22 lnUl2

m̃1
2U24

pm̃1

l
1

13

2 G1g5F24 lnUl2

m̃1
2U28

pm̃1

l
18G

5g4g5F lnUL2

m̃1
2U12 lnUl2

m̃1
2U14

pm̃1

l
2

3

2G , ~A16!

and

lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g i
~k,m̃1 ,m̃2!Y F CF

4pG5g iF lnUL2

m̃1
2U12 lnUl2

m̃1
2U2318

p

l

m̃1m̃2

m̃11m̃2
1

1

2

L2

m̃2
2 1

1

12 FL4

m̃2
42

L

m̃2
4 ~L214m̃2

2!3/2G G ,
~A17!

lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g4
~k,m̃1 ,m̃2!Y F CF

4p G
5g4F2 lnUL2

m̃1
2U22 lnUl2

m̃1
2U1314 lnUL1AL214m̃2

2

2m̃2
U2 5

2

L2

m̃2
2 1

L

m̃2
2 AL214m̃2

22
1

4 FL4

m̃2
42

L

m̃2
4 ~L214m̃2

2!3/2G G
1F2 lnUL2

m̃1
2U14 lnUl2

m̃1
2U2624 lnUL1AL214m̃2

2

2m̃2
U1 L2

m̃2
22

L

m̃2
2 AL214m̃2

2G
5g4F lnUL2

m̃1
2U12 lnUl2

m̃1
2U232

3

2

L2

m̃2
22

1

4 FL4

m̃2
42

L

m̃2
4 ~L214m̃2

2!3/2G G , ~A18!

lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g ig5
~k,m̃1 ,m̃2!Y F CF

4pG5g ig5F lnUL2

m̃1
2U12 lnUl2

m̃1
2U231

1

2

L2

m̃2
2 1

1

12 FL4

m̃2
42

L

m̃2
4 ~L214m̃2

2!3/2G G , ~A19!
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lim
m̃1→0

E
2p

p d4k

~2p!4 Ĩ g4g5
~k,m̃1 ,m̃2!Y F CF

4pG
5g4g5F2 lnUL2

m̃1
2U22 lnUl2

m̃1
2U1314 lnUL1AL214m̃2

2

2m̃2
U

28
p

l

m̃1m̃2

m̃11m̃2
2

5

2

L2

m̃2
2 1

L

m̃2
2 AL214m̃2

22
1

4 FL4

m̃2
42

L

m̃2
4 ~L214m̃2

2!3/2G G
1g5F22 lnUL2

m̃1
2U24 lnUl2

m̃1
2U1614 lnUL1AL214m̃2

2

2m̃2
U216

p

l

m̃1m̃2

m̃11m̃2
2

L2

m̃2
2 1

L

m̃2
2 AL214m̃2

2G
5g4g5F lnUL2

m̃1
2U12 lnUl2

m̃1
2U2318

p

l

m̃1m̃2

m̃11m̃2
2

3

2

L2

m̃2
22

1

4 FL4

m̃2
42

L

m̃2
4 ~L214m̃2

2!3/2G G , ~A20!

where the second expressions in Eqs.~A10!, ~A14!, and ~A18! are obtained using the equations of motion for the exter
quarks~83! and~84!, and those in Eqs.~A12!, ~A16!, and~A20! are with the equations of motion for the external quark a
antiquark~97! and ~98!.
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